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Abstract. The purp ose of this review is to presen t a status rep ort on the elec-

troh ydro dynamic con v ection in nematic liquid crystals. The considerable progress

ac hiev ed in the past t w o y ears is emphasized.

1 In tro duction

P attern formation in 
uid systems driv en a w a y from equilibrium is a common

phenomenon in nature [1, 2]. A famous canonical example is the Ra yleigh-

B � enard con v ection (RBC) in simple isotropic 
uids whic h con tin ues to b e

the sub ject of n umerous exp erimen tal and theoretical studies (see e.g. [3]).

More recen tly the ric h v ariet y of dynamical structures found in liquid crystals

(LCs) has attracted considerable and still gro wing atten tion.

LCs are materials made up of highly anisotropic organic molecules in a

state that re
ects the anisotrop y [4, 5]. Th us LCs ha v e b ecome a prime mo del

for the study of pattern formation in anisotropic systems. There are sev eral

classes among whic h nematic LCs (nematics) pla y a dominan t role in this

article. Nematics are fully liquid without long-range translational, but with

long-range uniaxial orien tational ordering of the molecules. As a result of

the coupling of the molecular alignmen t axis (describ ed b y the director ^n )

with mass 
o w, electric and thermal curren ts, the h ydro dynamic equations

in v olv e n umerous nonlinearities (see Sect.2), whic h easily lead to instabili-

ties when a state of nonequilibrium is main tained (see e.g. [6]). Con v ectiv e


o ws can b e driv en either electrically through space c harges that naturally

arise in an anisotropic conductor in the presence of spatial v ariations (elec-

troh ydro dynamic con v ection, EHC) or thermally through buo y ancy forces

(Ra yleigh-B � enard con v ection, RBC).

EHC has attracted most of the atten tion and will b e exclusiv ely discussed

in this review. In the t ypical thin-la y er geometry sho wn in Fig.1a the nematic

is sandwic hed b et w een glass plates (separation d � 10 � 100 � ) with trans-

paren t electro des. The surfaces are treated to pro vide uniform anc horing of

the director, in most cases along the x direction ( "planar" or "homogeneous"

alignmen t), but sometimes also in the z direction ( "home otr opic" alignmen t).
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Ab o v e an applied (critical) v oltage V

c

� 10 V (t ypically lo w-frequency ac)

con v ection rolls app ear with asso ciated director distortions, whic h are easily

detected optically . The spacing of the rolls is of order d except in the higher-

frequency "dielectric range". Fig.1b sho ws a t ypical pattern with normal rolls,

i.e. normal to the undistorted director in the x direction.
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Fig.1a. Cell geometry with section of

a roll pattern for EHC (planar con-

�guration). E = electric �eld, v = v e-

lo citey .

Fig.1b. Normal roll pattern for EHC

with a dislo cation.

F rom the exp erimen tal p oin t of view EHC is attractiv e b ecause of the

easily accessible con trol parameters lik e electric and magnetic �elds. The

c haracteristic times are t ypically short ( � sec) and the extension of the pat-

terns large (up to 1000 p erfectly aligned con v ection rolls). F or the theory it

is imp ortan t that spatio-temp oral complexit y app ears quite often already in

the vicinit y of the con v ection onset. Th us common p erturbational sc hemes,

lik e the order parameter approac h can b e put on a sound basis and their

reliabilit y can easily b e ev aluated.

Liquid crystals are complicated and an in tuitiv e understanding of all the

mec hanisms hidden in the nematoh ydro dynami c equations is not easy . In fact,

the remark able progress in the last t w o decades is not imaginabl e without the

particularly close collab oration b et w een exp erimen tal and theoretical groups

in this �eld. There are n umerous examples (only some of whic h w e will men-

tion explicitly) where exp erimen tal �ndings ha v e motiv ated the theoretical

e�orts and vice v ersa. F or a classical review of con v ectiv e instabilities in LCs,

see [7] and for EHC one ma y consult the b o oks of Blino v [8] and Pikin [9] and

the review articles [10, 11, 12, 13, 14]. In recen t o v erviews [15, 16] in particular
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the progress ac hiev ed in the y ears from 1984 - 1996 w as emphasized.

The in v estigation of con v ection scenarios in LCs is also a problem of

materials. In exp erimen ts the standard reference materials MBBA (4-meth-

o xyb enzylidene-4'-n-but yl-aniline) or a mixture, Merc k Phase 5, ha v e t ypi-

cally b een used (sometimes dop ed with an ionic substance). These are the

only ro om-temp erature nematics with dielectric anisotrop y , �

a

< 0, where vir-

tually all the material parameters ha v e b een measured (for tabulated v alues:

see e.g. [17] for MBBA, [18] for Phase 5 and references therein). Since these

nematics are similar in their prop erties, the in v estigation of other classes is

highly desirable and promising. A recen t successful example is the new v ery

stable material I52 (4-eth yl-2-
uoro-4'-[2-(trans-4-n-p en t ylcyclohexyl)-eth yl]-

biphen yl) dop ed with io dine [19, 20]. Ev en at onset qualitativ ely new lo calized

structures (\w orms") [21] ha v e b een detected, whic h pro vide a new c hallenge

for the theory . This applies also to materials where one can switc h con tin u-

ously from the nematic to the smectic phase b y decreasing the temp erature

[22].

In the presen t article w e will concen trate on the most recen t results in

v arious realizations of EHC. In addition w e will fo cus on an in teresting topic

in detail whic h could b e addressed only brie
y in the previous reviews [15, 16]

b ecause of space limitati ons. The restoring forces on the director in LCs are

not v ery strong and its dynamics is susceptible to v ery w eak external bias.

In hindsigh t it is therefore not to o surprising that for the �rst time the in
u-

ence of thermal noise on a con tin uous nonequilibrium phase transition w as

successfully analyzed in nematics [23, 24]. In this pap er it will b e demon-

strated that a c ontr ol le d application of noise is v ery attractiv e b oth from the

exp erimen tal and theoretical p oin t of view.

After the in tro duction and explanation of the basic equations (Sect.2)

the theoretical concepts (the linear and w eakly nonlinear analysis) will b e

sk etc hed in Section 3. Section 4 deals with v arious new asp ects of EHC in

the planar con�guration and in Section 5 the homeotropic con�guration is

discussed. Section 6 is dev oted to the noise-driv en EHC near threshold. Fi-

nally , in the General Conclusions (Sect. 7), w e shall men tion some p ersp ec-

tiv es for future w ork. F urthermore a brief connection to other h ydro dynamic

instabilities in nematics is made.

2 Basic equations and instabilit y mec hanisms

The dynamics of liquid crystals is describ ed b y a w ell accepted set of macro-

scopic equations (see e.g. [4, 5, 25, 26]). Here w e will sk etc h only the most

simplest v ersion p ertaining to nematic LCs.

In the nematic state the isotrop y is sp on taneously brok en and the a v eraged

molecular orien tation is describ ed b y the director n , i.e. a unit v ector where

� n are equiv alen t. The dynamical balance of torques on the director n is

determined b y:




1

n �
_

n = n � ( h

el

+ h

v is

) (1)
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where the dot stands for the material deriv ativ e

d

dt

+ v � r . In Eq. (1), the

elastic molecular �eld, h

el

, deriv es from the elastic free energy densit y f

el

:

f

el

=

1

2

[ k

11

( r � n )

2

+ k

22

( n � r � n )

2

+ k

33

( n � r � n )

2

] (2)
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: (3)

The k

11

; k

22

; k

33

terms are asso ciated with spla y , t wist and b end distortions

of the director �eld. The imp ortance of electric ( E ) and magnetic ( H ) con-

tributions is determined b y the anisotrop y of the magnetic and electric sus-

ceptibilities �

a

= �

k

� �

?

and �

a

= �

k

� �

?

, resp ectiv ely .

The viscous part of the molecular �eld, h

v

, can b e written as:

h

v

= � �

2

D � n � �

3

n � D (4)

where the tensor D c haracterizes the v elo cit y shear ( D

ij

= @ v

i

=@ x

j

). Since

�

2

< 0, and 


1

= �

2

� �

3

> 0 (see Eq.(1) with j �

2

j � �

3

) the torque tends to

rotate the director in order to a v oid the director-transv erse v elo cit y gradien ts

n � D n .

The momen tum balance results in the (generalized) Na vier-Stok es equa-

tion for the v elo cit y �eld

�

m

d v

dt

= f

B

+ r � T (5)

with the bulk force f

B

to b e discussed b elo w and the stress tensor

T

ij

= � p�

ij

�

@ f

el

@ n

k ;i

n

k ;j

+ t

ij

(6)

where �

m

denotes the mass densit y and p the pressure. The viscous con tri-

bution t

ij

con tains the six Leslie shear viscosit y co e�cien ts �

i

[27]

t

ij

= �

1

n

k

n

m

A

k m

n

i

n

j

+ �

2

n

i

N

j

+ �

3

n

j

N

i

+ �

4

A

ij

+ �

5

n

i

n

k

A

k j

+ �

6

n

j

n

k

A

k i

:

(7)

with the p ositional strain tensor A

i;j

= 1 = 2( D

i;j

+ D

j;i

). There exists also an

orien tational strain ( � �

2

; �

3

, cf Eq.(7)) whic h is asso ciated with the director

dynamics relativ e to the lo cal solid b o dy rotation (with the rate

1

2

curl v ):

N =

d n

dt

�

1

2

(curl v � n ) : (8)

With the use of an Onsager relation �

6

� �

5

= �

2

+ �

3

the n um b er of

indep enden t parameters can b e reduced [28]. Incompressible 
o w is assumed
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( r � v = 0), whic h is guaran teed b y the in tro duction of the toroidal and

p oloidal v elo cit y p oten tials (see [29]).

Crucial for the o ccurrence of EHC is the bulk force f

B

in the Na vier-Stok es

equation (5):

f

B

= �

el

E + ( P � r ) E ; P = ( � � 1) E : (9)

The �rst term in f

B

is the classical Coulom b force on the c harge densit y �

el

.

Muc h less imp ortan t is p onderomotiv e force in the second term whic h con-

tains the macroscopic p olarization P (for the dielectric tensor � see Eq.(11)).

In principle there exist also 
exo electric con tributions to P [30, 31]. They

seem to b e negligible except for v ery thin cells and for not to o large ac fre-

quencies [32, 16, 26]. The equation determining �

el

is obtained from c harge

conserv ation and P oisson's la w

d�

el

dt

+ r � ( � � E ) = 0 ; �

el

= r � ( � � E ) : (10)

Here the dielectric and conductivit y tensors � and � (t ypical for uniaxial

anisotrop y) are giv en b y:

�

i;j

= �

?

+ �

a

n

i

n

j

; �

i;j

= �

?

+ �

a

n

i

n

j

: (11)

The assumption of an anisotropic, but �xed ohmic conductivit y is c haracter-

istic for the standard mo del. A more general ansatz (the \w eak-electrolyte"

mo del, WEM [33]) is discussed in Section 4.2.

According to the standard mo del (SM) describ ed ab o v e one can distin-

guish b et w een three relaxation-time scales for the director ( �

d

), the v elo cit y

( �

v isc

) and the c harge ( �

q

). The follo wing expressions are easily deriv ed:

�

d

= 


1

d

2

= ( �

2

k

11

) ; �

v isc

= 2 �

m

d

2

= ( �

2

�

4

) ; �

q

= "

0

"

?

=�

?

: (12)

�

d

is t ypically the longest time (1 � 10 sec ) follo w ed b y �

q

( � 10

� 3

s ). Ev en

shorter is �

v isc

( 10

� 5

s ). Th us the v elo cit y �eld can usually b e treated adia-

batically (neglect of "inertial terms").

No w w e are in a p osition to discuss the basic driving mec hanism for

EHC. The imp ortan t p oin t is that in almost all nematics �

a

is substan tially

p ositiv e (t ypically �

a

=�

?

� 0 : 3 � 1). Cho osing materials with negativ e or

only sligh tly p ositiv e dielectric anisotrop y �

a

(here the materials sho w great

div ersit y) one easily sees that in the presence of an applied �eld E and with

a (small) spatial 
uctuation of the director n a space c harge �

el

results (no

solution of Eqs. (10) with �

el

= 0). Roughly sp eaking the c harges are fo cused

at lo cations where the director b ends. The bulk force in the Na vier-Stok es

equation (5) ma y then o v ercome viscous stresses and driv e a v elo cit y �eld v .

Via the viscous coupling (see Eq.(1)) this ma y enhance the spatial v ariation

of the director and th us generate an instabilit y . F or lo w frequencies and for

materials with not to o large dielectric anisotrop y the threshold v oltage is of

the order V

c

�

p

�

2

k

11

= ( �

?

�

q

) and the in tro duction of the reduced con trol

parameter R = V

2

�

?

�

q

�

2

k

11

is often useful.



6 W. P esc h, U. Behn

3 Elemen ts of the Theoretical Analysis

The theoretical metho ds for analyzing pattern forming instabilities are quite

extensiv ely discussed in the literature (see e.g. [2, 34, 35] and [36] in particular

for nematics) The set of macroscopic equations as presen ted in the previous

section can b e written in the follo wing sym b olic form:

L V + N

2

( V j V ) + N

3

( V j V j V ) + � � � = ( B

0

+ B

1

( V ) + B

2

( V j V ))

@ V

@ t

: (13)

V = ( �; n ; v ; :: :: ) stands for the collection of �eld v ariables in v olv ed in

EHC; they are c ho osen in suc h a w a y that V = 0 corresp onds to the noncon-

v ecting ("basic", "primary") state. The comp onen ts of the v ector op erators

N

2

, N

3

: : : are quadratic, cubic : : : in V and its spatial deriv ativ es, whereas

the quan tities L and B

i

represen t matrix di�eren tial op erators of the order in

V indicated. A reform ulation of Eq.(13) in F ourier space is often appropriate

with resp ect to the horizon tal directions x = ( x; y ) of "in�nite" exten t. In the

transv erse direction ( z ) the b oundary conditions are satis�ed b y expanding V

with resp ect to a suitable complete set of test functions (Galerkin metho d).

The onset of the instabilit y is obtained from a standard linear stabilit y

analysis of the basic (primary) state. F or a certain F ourier mo de U ( q ) with

the w a v e v ector q = ( q ; p ) one arriv es from Eq. (13) at an eigen v alue problem:

� B

0

( i q ; @

z

; R ) U

q

( z ) = L ( i q ; @

z

; R ) U

q

( z ) ; (14)

where R denotes the main con trol parameter (e.g. the squared v oltage in the

case of EHC).

The eigen v alue � ( q ; R ) = � ( q ; R ) � i
 ( q ; R ) with the largest real part,

determines the gro wthrate � and the frequency 
 of planforms near onset.

The condition � ( q ; R ) = 0 de�nes the neutral surface R = R

0

( q ). Minimizing

R

0

( q ) with resp ect to q giv es the threshold R

c

= R

0

( q

c

) with the critical

w a v ev ector q

c

= ( q

c

; p

c

) and the critical frequency 


c

= 
 ( q

c

), whic h v an-

ishes for a stationary bifurcation (the more common case) but di�ers from

zero for a Hopf (oscillatory) bifurcation.

In an axially anisotropic system lik e planar EHC, one sp eaks of \normal"

rolls (see Fig.1a) if q

c

is parallel to the preferred direction ( p

c

= 0). If q

c

is

at an oblique angle, one sp eaks of "oblique" rolls (see Fig.2a b elo w). Clearly

one then has the t w o symmetry-degenerate directions ("zig" and "zag") whic h

ma y sup erp ose to giv e rectangles. In the case of a Hopf bifurcation one has

a degeneracy b et w een w a v es tra v eling in opp osite directions, whic h ma y also

sup erp ose to giv e standing w a v es. In the oblique-roll case ev en four degenerate

mo des are in v olv ed.

In EHC, for the usual case of driving with a pure ac �eld of angular

frequency ! = 2 � f , the eigen v ector U

q

of Eq.(14) inherits the additional

p erio dic time dep endence and the eigen v alue � b ecomes a Flo quet co e�cien t.

Then there is an additional discrete symmetry ( z ; t ) ! ( � z ; t + 1 = (2 f )) and
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eac h comp onen t of U

q

has a de�nite parit y: Generally the "c onductive" mo de

(non v anishing time a v erage of all �elds except the induced electric p oten tial

� ) destabilizes �rst at lo w frequencies f . Ab o v e a "crosso v er frequency" f

d

the "diele ctric" mo de with the opp osite parit y determines the threshold. The

existence of these t w o regimes planar EHC w as �rst p oin ted out b y the Orsa y

group [37, 38] (for further details see [12, 13, 16]).

A go o d understanding of the regime sligh tly ab o v e threshold is con v en-

tionally ac hiev ed b y the w eakly nonlinear analysis [39, 40, 1, 34]. The basic

idea in its rather general form (for a recen t more detailed presen tation see

[41, 42, 36]), is to reduce the phase-space dimension of the system b y expand-

ing V in an appropriate basis of states, c haracterized as the "dynamicall y

activ e" ones [34]. A t �rst the linear mo des in Eq. (14) of p ositiv e or sligh tly

negativ e gro wthrate are included in this set. Their expansion co e�cien ts A ( q )

corresp ond to order parameters, whic h v anishes at threshold. By a systematic

expansion up to cubic order in A one arriv es at the order parameter equa-

tions for the A ( q ) [36, 43, 41], whic h p ermit the calculation of roll solutions

and their stabilit y at threshold. In particular the univ ersal features b ecome

more transparen t when the order parameter equations are reform ulated in

real space in terms of amplitude (en v elop e) or Ginzburg-Landau equations

(GLE), for whic h the fast spatial v ariations ( � q

� 1

c

) are separated out. This

real-space form ulation is essen tial when it comes to the description of more

complex spatio-temp oral patterns with disorder and defects, whic h ha v e b een

studied extensiv ely in EHC sligh tly ab o v e threshold (see Fig.1b). One ends

up with the famous (sligh tly generalized) Ginzburg Landau equation [44]

@

t

A = � ( q

c

� i r ; � ) A � 
 j A j

2

A (15)

where � is the linear gro wth rate of Eq.(14). Clearly � is zero at threshold

� = ( R � R

c

) =R

c

= 0, r = 0 and should b e expanded in b oth argumen ts. A t

threshold it is su�cien t to k eep the follo wing terms

� ( q

c

� i r ; � ) � � + �

2

1

@

2

x

+ 2 a�

1

�

2

@

x

@

y

+ �

2

2

W @

2

y

� iZ �

1

�

2

2

@

x

@

2

y

� �

4

2

@

4

y

: (16)

The v arious constan ts in Eq.(16) determine the curv ature of the neutral curv e

at � = 0.

On this lev el the expansion can b e cast in to an o v erall expansion sc heme

in terms of �

1 = 2

, or equiv alen tly A . In the anisotropic case, where there is

no con tin uous degeneracy of the critical mo de(s), one ma y in general assume

� � A

2

� @

t

� @

2

x

� @

2

y

, so that the higher order terms � @

x

@

2

y

and @

4

y

drop

out ( W = O (1)). The terms in Eq. (15) th us b ecome uniformly of order �

3 = 2

.

Going bac k to Eqs.(15, 16) with a = 0 it is easy to see that a decrease

of W from p ositiv e to negativ e v alue o wing to the c hange of some secondary

con trol parameter, lik e the frequency in EHC describ es a transition from

normal to oblique rolls. Details of this transition, whic h is the analog of

a Lifshitz p oin t in the theory of equilibrium phase transitions, ha v e b een
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discussed elsewhere [45, 17, 46, 47]. The corresp onding uniform scaling � �

3 = 2

as in Eq.(15) is reco v ered with W � �

1 = 2

� @

x

and no w @

y

� �

1 = 4

. This

corresp onds to the scaling adopted in isotropic media. In fact the w ell-kno wn

New ell-Whitehead-Segel amplitude equation for isotropic systems [48, 49]

can no w b e obtained as the sp ecial case W = 0 and Z = � 2 in Eq.(16).

In the case of a Hopf bifurcation (as observ ed in EHC) all the co e�cien ts

of Eq.(15,16) b ecome complex. The resulting celebrated "complex Ginzburg-

Landau equation" (CGLE) exhibits transitions (e.g. at the Benjamin-F eir

instabilit y) to v arious forms of spatio-temp oral c haos and is presen tly studied

in tensely (for general reviews see e.g. [2, 34]).

The general structure of GLE's can b e deduced a priori from the sym-

metries in a system as for instance the in v ariance prop erties with resp ect

to space- and time translations or suitable re
ections. The symmetries also

manifest themselv es in the linear gro wth-rate function (16). In simple cases

v ery few co e�cien ts determine the GLE, whic h can b e extracted b y com-

parison with the exp erimen ts. But in general for a quan titativ e comparison

with exp erimen ts the often tedious calculation of the co e�cien ts is inevitable

[17, 12, 41, 50, 33, 16].

The GLE(15) determines only the stabilit y of rolls with resp ect to dis-

turbances of the generalized Ec khaus t yp e, i.e. slo w mo dulations of the roll

spacing and undulations along the roll axis [45]. F or the description of sec-

ondary bifurcations and mo dulated roll patterns a w a y from threshold the

w eakly nonlinear analysis m ust b e extended through the consideration of ad-

ditional mo des. F or instance nonanalytic \mean 
o w " con tributions of the

order � A

2

ha v e b een included [43, 51].

In the simplest v ersion the equation for the mean-
o w amplitude B as-

sumes the form:

�

c

1

@

2

x

+ c

2

@

2

y

�

B = q

1

@

x

@

y

j A j

2

+ q

4

@

y

�

iA

�

@

2

y

A + c:c:

�

+ ::::: (17)

Eq.(15) is supplemen ted b y a coupling term term � A@

y

B . The mean 
o w is

excited b y long-w a v elengh t mo dulations of the pattern A ( x; y ; t ). Since the

�eld B satis�es an anisotropic P oisson equation, its long-range c haracter is

eviden t. In nematics the mean 
o w turns out to enhance transv erse mo dula-

tions ( q

4

> 0) in distinct con trast to isotropic 
uids in most cases ( q

4

< 0)

[43].

V ery recen tly is has b een emphasized that in EHC other slo wly damp ed

mo des ha v e to b e included in the set of activ e mo des b esides mean 
o w.

Their inclusion leads to additional equations, whic h ha v e a structure similar

to Eq.(17). Most imp ortan t are the t wist mo des of the director n , whic h cor-

resp ond to a rotation of n in the plane of the la y er. They are w eakly damp ed

and can easily b e excited near threshold. In the case of homeotropic aligne-

men t with rotational in v ariance this is ob vious [52]. An y con�guration with a

�nite in-plane comp onen t of the director sp on taneously breaks a con tin uous

symmetry , namely the isotrop y . The gro wthrate of the asso ciated Goldstone
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mo des, whic h tend to restore the isotrop y b y a rotation of the in-plane di-

rector approac hes zero in the homogenous case and is consequen tly small for

slo w mo dulations. But in the planar case inspite of the elastic torques due to

anc horing of the director at the b oundaries the damping of the t wistmo de is

also w eak [56].

The coupling of a short-w a v elength patterning mo de to a w eakly damp ed

long-w a v elength one (lik e a Goldstone mo de) readily leads to complex-spatio

temp oral patterns at threshold. One should men tion a 1d mo del for seismic

w a v es, where a sp on taneous symmetry breaking is also imp ortan t[53] or the

coupling to a concen tration mo de in binary 
uids [54]. The o ccurence of

lo calized "w orm" structures [21] and their mo delling b y a slo w "c harge-mo de"

[55] will b e discussed in Sect.4.2.

An order-parameter approac h for the regime further ab o v e threshold is

certainly less systematic than the deriv ation of Eq.(15) since for instance

the � -scaling is no longer b eni�cial. Therefore fully nonlinear calculations are

indisp ensable. One follo ws the appro v ed metho d in isotropic RBC: Galerkin

expansions are applied and the resulting coupled highly nonlinear equations

for the expansion co e�cien ts are solv ed b y Newton metho ds. Afterw ards the

solutions are tested for stabilit y .

On the basis of n umerical results and of comparison with exp erimen ts

it has b een demonstrated that EHC in nematics is one of the v ery few

cases where secondary (and ev en higher bifurcations) can b e captured semi-

quan tita v ely b y an order-parameter approac h (see e.g. [56]). A further v ery

useful simpli�ed description mak es use of a suitable phase-di�usion equa-

tion ([57]), whic h allo ws for a transparen t description of the quite in tricate

bifurcation scenarios in EHC [58]. Con v ection instabilities in nematics are

therefore an imp ortan t paradigm for the v alidation of a reduced dynamical

description of pattern forming systems in general.

4 EHC in the planar con�guration

4.1 General bac kground

The mec hanism for the instabilit y in EHC is based mainly on space c harges

generated b y preferen tial conduction along ^n ("c harge fo cusing", see Sect.2).

The basic idea has b een suggested b y Carr [59] and incorp orated in to a �rst

one-dimensional mo del b y Helfric h [60]. A �rst generalization to include the

common case of ac driving follo w ed almost immedia tely [37, 38]. It b ecame

clear that one has to distinguish b et w een the lo w-frequency "conductiv e"

and the "dielectric" regime ab o v e a certain transition frequency f

d

. In the

follo wing sections w e will �rst concen trate on the conductiv e regime.

F or example, the need to go b ey ond one dimensional mo dels b ecame evi-

den t on the basis of the observ ation of sp eci�c three-dimensional structures,

called oblique rolls [61, 62, 63, 64]. A t lo w frequencies they can n ucleate

already at threshold, but otherwise app ear at a secondary bifurcation. A
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represen tativ e pattern is sho wn in Fig.2a. One observ es domains with t w o

symmetry-degenerate directions ("zig" and "zag") separated b y w alls. Note

that suc h a kind of sp on taneously brok en c hiral symmetry is unique for

anisotropic systems. In fact, the fully three dimensional linear stabilit y anal-

ysis of the standard nematoh ydro dynamic equations (see Sect.2 and ,e.g.,

[17, 16] for references) has yielded the prop erties at onset of the instabilit y:

the threshold v oltage and the w a v ev ector of the t w o dimensional patterns. The

agreemen t b et w een exp erimen tal and theoretical results is t ypically quite sat-

isfactory (see Fig.2b).
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Fig.2a. Zig-zag pattern after increas-

ing the v oltage in Fig.1b.

Fig.2b. Threshold curv e for EHC as

function of frequency . Exp erimen tal

p oin ts from [65].

Ho w ev er the \standard mo del",SM, as describ ed in Sect.2 ,where LCs are

treated as ohmic conductors is incapable of explaining the Hopf bifurcation

leading to tra v elling w a v es, whic h are often observ ed in su�cien tly thin la y ers

(b elo w ab out 50 � ) and clean materials (lo w conductivit y) [63, 66, 67, 68]. An

extension (the "w eak-electrolyte mo del", WEM), where electric transp ort

in the nematic is describ ed in terms of t w o mobile ion sp ecies (of opp osite

c harge) whic h are coupled via a slo w disso ciation-recom bination reaction[69,

33] has pro v en to b e successful (see Sect.4.2).

In the further progress of the theory the w eakly nonlinear analysis in

terms of Ginzburg-Landau amplitude equations [17, 12] ha v e pro vided in-

formation on the Ec khaus stabilit y b oundaries of p erio dic roll patterns, in

go o d agreemen t with exp erimen ts [70, 71, 72]. An ev en more sensitiv e test

is the analysis of the dynamics and in teraction of defects (dislo cations) in

ideal patterns, whic h compares w ell with exp erimen ts [73, 74, 75, 76] to o.

It w as realized that mean-
o w e�ects are v ery imp ortan t in the transition
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from ordered p erio dic to w eakly turbulen t patterns [47, 77, 78, 43] (for a

phenomenological treatmen t, see [79, 80, 81, 82]).

F ully nonlinear theoretical studies ha v e follo w ed [83], whic h put the con-

cept of abnormal rolls, at �rst observ ed in homeotropic EHC, [84] on a

sound basis. A t lo w frequency their bifurcation is usually preceded b y a

long-w a v elength zig-zag instabilit y; at higher frequency they app ear after

a secondary bifurcation of normal rolls. The w a v e v ector of abnormal rolls

is parallel to the preferred x -direction, but the underlying director �eld has

exp erienced a sp on taneous rotation in the x � y plane. Previous exp erimen tal

�ndings in EHC in di�eren t geometries are no w understo o d for the �rst time

and new exp erimen tal activities ha v e b een motiv ated. The abnormal rolls

will b e discussed in detail in Sect.4.3. V ery recen tly the dielectric regime has

attracted considerable atten tion. F or instance a �rst con vincing explanation

for the common c hevron pattern has b een giv en (see Sect.4.4).

4.2 The w eak electrolyte mo del (WEM)

The WEM mo del [33, 69] has pro vided the basis for the understanding of

the Hopf bifurcation observ ed quite frequen tly at threshold [85, 86]. F or a

Hopf bifurcation t w o pro cesses that comp ete on a comparable time scale are

necessary . One migh t think of the director and c harge relaxations, but they

do not comp ete. Instead they supp ort eac h other usually; in addition the time

scales (12) are v ery di�eren t; the director relaxation is m uc h slo w er than all

other pro cesses, and th us determines the dynamics.

According to the WEM mo del it is assumed that a slo w pro cess is con-

nected with the relaxation of the mobile ion densities n

+

and n

�

on the time

scale �

r ec

, whic h ma y results from a disso ciation-recom bination reaction. One

th us obtains for singly c harged ions

�

el

= e ( n

+

� n

�

) ; � = � �

0

; (18)

where

� = e ( �

+

?

n

+

+ �

�

?

n

�

) ; �

0

ij

= �

ij

+

�

a

�

?

n

i

n

j

: (19)

Here �

�

?

; �

�

jj

are the ionic mobiliti es p erp endicular and parallel to the di-

rector, resp ectiv ely . F or simplicit y the anisotropies ha v e b een assumed to b e

the same for b oth t yp es of ions so that �

a

=�

?

= �

�

jj

=�

�

?

� 1. Th us � is an

additional v ariable no w. F rom the balance equations for n

+

and n

�

one easily

reco v ers Eq.(10) and in addition one obtains

d�

dt

+ r �

��

( �

+

?

+ �

�

?

) � + �

+

?

�

�

?

�

el

��

(20)

=

�

eq

2 �

r ec

h

1 �

( � + �

�

?

�

el

)( � � �

+

?

�

el

)

�

2

eq

i

�

1

�

r ec

h

( � � �

eq

) +

�

+

?

� �

�

?

2

�

el

i

;

where �

eq

= e ( �

+

?

+ �

�

?

) n

eq

con tains the equilibrium ion densit y n

eq

. The

last expression is obtained b y linearization in the quan tities n

+

� n

eq

and
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n

�

� n

eq

. In this mo del the e�ect of ion accum ulation on the conductivit y is

th us included, whereas ionic di�usion is neglected as in the SM. The c harge

accum ulation coun teracts the standard (Helfric h) mec hanism of generation of

space c harges. If the time scale �

r ec

is su�cien tly slo w one can exp ect to �nd

an oscillatory b eha vior of the system at threshold, i.e. a Hopf bifurcation.

The detailed linear stabilit y calculations for the WEM mo del ha v e b een

p erformed [69, 33] using the same appro ximations that led to the analytic

threshold form ulas within the SM [87, 17, 12, 16]. It is found that there is

an up w ard shift in the stationary threshold, whic h ma y b e quite small, and

more imp ortan tly , that indeed a Hopf bifurcation o ccurs [85, 18] with critical

frequency

!

H

�

d

= 2 � f

H

�

d

=

R

c

~� C

1 + !

0 2

s

1 �

�

(1 + !

0 2

) �

�

�

d

R

c

~�C

�

2

; (21)

when the expression under the square ro ot is p ositiv e. Here R = V

2

�

?

�

q

�

2

k

11

is

the reduced con trol parameter (see Sect.2), ~�

2

= �

+

?

�

�

?




1

�

2

= ( �

?

d

2

) is pro-

p ortional to the geometric means of the mobiliti es and !

0

= ! �

q

� with � =

( �

jj

=�

?

) q

0 2

+ p

0 2

+1

( �

jj

=�

?

) q

0 2

+ p

0 2

+1

is a reduced frequency . Moreo v er �

�

= � [ �

� 1

r ec

+ � �

� 1

d

R ~�

2

� = (1+

!

0 2

)] ( < 0) is the damping rate of the (new) WEM mo de. Its dominan t con-

tribution is usually just determined b y the ion recom bination rate 1 =�

r ec

. The

factor C [33] con tains only SM quan tities and is ab out one (see Ref. (28) in

[86] for a misprin t in [33]).

F or the Hopf bifurcation to o ccur, i.e. for a p ositiv e argumen t of the

square ro ot in Eq.(21), the quan tit y �

d

= ( ~ � �

r ec

) m ust b e su�cien tly small.

This requires that the recom bination of ions is su�cien tly slo w and that the

la y er is su�cien tly thin and clean. Note, ho w ev er, that for materials with

negativ e dielectric conductivit y , where R

c

div erges at the cuto� frequency

f

d

(in the appro ximation used), the Hopf condition is alw a ys satis�ed near

the cuto�, and the Hopf frequency , whic h is then just giv en b y the prefac-

tor of the square ro ot in Eq.(21), b ecomes large there. This app ears to b e

consisten t with the exp erimen ts [63, 66, 67]. Moreo v er, the prediction of the

theory , that for materials with v anishing dielectric anisotrop y the Hopf fre-

quency b ecomes essen tially indep enden t of the external frequency , has b een

v eri�ed exp erimen tally using the material I52 [85]. I52 has the prop ert y that

�

a

c hanges from negativ e to p ositiv e v alues when the temp erature is increased

through T � 60

�

C.

A quan titativ e test of Eq.(21) with exp erimen ts has b een p erformed re-

cen tly for the nematic Phase 5, where (almost) all material parameters ha v e

b een measured. In Fig.3a the Hopf frequency (21) is sho wn as function of

the ac frequency (solid line). The units are c hosen according to the predicted

theoretical scaling b eha vior: !

h

� d

� 3

�

� 1 = 2

?

is easily obtained from Eq. (21),

if the d � dep endencies of the director relaxation time �

d

, the threshold R

c
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and of ~� are com bined; the prop ortionalit y � �

� 1 = 2

?

is due to ~� . The ac-

frequency scale in !

0

is set b y �

q

. The agreemen t with the WEM theory is

v ery con vincing.
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Fig.3a. The Hopf frequency of tra v el-

ling rolls m ultipli ed b y ( �

eq
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)

1 = 2

d

3

(see

text) .

Fig.3b. Phase diagram in the � � r

plane (see text)

Subsequen tly a w eakly nonlinear analyis of the WEM mo del has b een

p erformed [86] in order to determine the bifurcation t yp e at threshold. Some

results are sho wn Fig. 3b. In dep endence on the mobilit y parameter ~� and

the recom bination parameter ~ r = �

d

=�

r ec

one �nds b elo w the curv e lab elled

C 2 a sup ercritical Hopf bifurcation. In the regime b ounded b y C2 and the

curv e lab elled TC the bifurcation is stationary and h ysteretic, while ab o v e

TC one �nds a con tin uous stationary bifurcation. In the limit ~r ! 1 the

standard mo del is reco v ered. The p oin t A corresp onds to the exp erimen ts

discussed in [21] for the material I52 at 30

0

C . The arro w to p oin t C indicates

a c hange of the bifurcation t yp e as the temp erature is increased to 60

0

. In

con trast to the SM the bifurcation scenarios dep end also on the cell thic kness

d : The arro w to B corresp onds to a doubling of d .

As has already b een men tioned, the WEM mo del has �rst b een compared

with exp erimen ts for the new nematic I52 [85]. Recen tly t w o-dimensional

lo calized states, called 'w orms' (see the snapshots in Fig.4), ha v e b een de-

scrib ed in this material [88, 21]. They are lo calized and ha v e a unique, small

width in the y direction but are of m uc h a greater v arying length along ^x , i.e.

the anisotrop y axis. Rapidly tra v eling w a v es in one direction k x̂ pass under

a slo wly mo ving en v elop e mo ving in the opp osite direction. Their n um b er

increases with increasing v oltage and they tend to gro w b y coalescing un til

at higher v oltage the cell is �lled with con v ection.
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The theoretical analysis of the w orms is c hallenging. One-dimensional

pulses ha v e b een exp erimen tally disco v ered in binary 
uids [89, 90] and ha v e

b een obtained as solutions of the one-dimensional CGL [91] (for further refer-

ences, see [55]). Tw o-dimensional lo calization in suc h h ydro dynamic pattern-

forming systems is not w ell do cumen ted in exp erimen ts. F rom theoretical

studies (see e.g. [92, 93]) one exp ects that 2d-lo calized structures can b e ob-

tained in the case of a sub critical Hopf bifurcations. Th us an ad ho c mo del

[94] has b een prop osed in the form of an anisotropic Swift-Hohen b erg equa-

tion with adjustable complex co e�cien ts and a quin tic nonlinearit y to cap-

ture the sub critical bifurcation. It is not to o surprising that indeed lo calized

structures similar to the exp erimen ts could b e pro duced. Ho w ev er, the basic

assumption of the sub critical Hopf bifurcation in planar EHC is in con
ict

with theory and exp erimen ts [95].

Fig.4. Lo calized w orm structures for � = 0 : 012 left and for � = 0 : 057 (righ t) (Courtesy

G. Ahlers)

Therefore a more realistic mo del w as recen tly prop osed [55] where t w o

amplitude equations for oblique tra v elling rolls w ere coupled to a slo w mo de,

whic h migh t b e iden ti�ed with the c harge-accum ulation mo de. Ev en details of

the exp erimen ts could b e repro duced satisfactorily . F rom a theoretical p oin t

of view the mo del is also v ery in teresting, since it in v olv es a new mec hanism

for the lo calized states. One has a forw ard Hopf bifurcation for extended cell-

�lling patterns in agreemen t with the \microscopic" theory [86]. Ho w ev er,

the transition to lo calized states is predicted to b e h ysteretic in line with the

recen t exp erimen tal results [95]. The �nal step, i.e. the deriv ation of the new

equations from the WEM mo del, has not y et b een accomplished.

While the lo calized w orms are certainly sp ectacular in EHC for I52, the

cell �lling-states dev eloping from the sup ercritical Hopf bifurcation are also

v ery in teresting. The system is b elo w a Lifshitz p oin t, ob viously with a bifur-

cation of four degenerate oblique-roll solutions (zig-zag, left-righ t tra v eling).
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Their in teraction can easily lead to v arious t yp es of spatio-temp oral c haos

(STC) near threshold [96], whic h can b e con trolled through a v ariation of

the conductivit y of the nematic. The exp erimen tal ha v e stim ulated e�orts of

theoretical mo deling [97].

4.3 Abnormal rolls

Con v en tional normal rolls (NR) can only exhibit p oin t defects (dislo cations).

Oblique rolls (OR) break the re
ection symmetry y ! � y and th us can

sho w in addition line defects (grain b oundaries) separating domains with

w a v ev ectors ( q ; p ) (\zig") and ( q ; � p ) (\zag") [98, 99]. In Fig.5a,b t ypical

grain b oundaries along x̂ and ^y are sho wn for the nematic Phase 5.

Surprisingly , in an apparen tly NR structure, line defects ha v e b een ob-

serv ed as w ell. With increasing v oltage (i.e. � ) the angle b et w een the roll axis

and ^y is found to systematically decrease and ma y ev en reac h zero. In this

pro cess the grain b oundary of Fig.5b is transformed in to the w all of Fig.5c.

That the t w o domains on either side of the w all are not equiv alen t b ecomes

more eviden t as � is further increased. Indeed, one then observ es the branc h-

ing of an additional w a v ev ector ( k

x

; + k

y

) on the righ t side, and ( k

x

; � k

y

) on

the left side (see Fig.5d).

a b

x

y

c d

Fig.5. Represen tativ e snapshots of the exp erimen tal ev olution of electro con v ection in

a cell of thic kness 5 � m, at ! �

0

= 0 : 3. a, b: zig-zag structures near threshold ( � � 0 : 02),

with \horizon tal" and \v ertical" grain b oundaries. c: w all at � � 0 : 40 originatin g

from the grain b oundary of b. d: v aricose structures at � � 0 : 70, originatin g from the

structure c. The t w o mo dulation directions are indicated b y the white lines.

The existence of a t w o-v arian t state of normal rolls indicates a new sym-
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metry breaking. Those rolls ha v e b een named \abnormal r ol ls" (AR), a term

in tro duced in the con text of homeotropically aligned cells [84] for rolls with

an optically detected symmetry breaking, see Sect.5 b elo w.

AR cannot b e understo o d b y the standard w eakly nonlinear approac h

where the roll structure is c haracterized unam biguously b y its w a v ev ector

and the linear eigen v ector at threshold (see Sect.3).
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ny
H

eAR

-pc
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Fig.6 Amplitude n

H

y

of the t wist mo de in roll patterns of w a v ev ector q = ( q

c

; p ), as

a function of p and � at ! �

0

= 0 : 3 (parameters of Phase 5). Unstable regions in gra y

(Ec khaus b oundary dotted, Bimo dal V aricose b oundary dashed). Arro ws: sk etc h of

the exp erimen tal ev olution of p ( � ). In the exp erimen ts also q ev olv es with � , whic h

leads to quan titativ e c hanges of the diagram.

The k ey result of a fully nonlinear Galerkin analysis is presen ted in Fig.6.

It sho ws the amplitude n

H

y

of a t wist mo de corresp onding to a homo gene ous

r otation (i.e. indep enden t of x; y ) of the director in the x; y plane as function

of � and p for roll solutions with q = ( q

c

; p ). This rotation is symmetric

with resp ect to the mid plane of the la y er, and is largest there. A t p = 0,

n

H

y

v anishes if � is su�cien tly small, in agreemen t with the predictions of

the w eakly nonlinear theory . The no v el and striking feature is the pitc hfork

bifurcation at a secondary transition p oin t � = �

AR

to a state with n

H

y

6= 0

(at p = 0 !). In these AR the y 7! � y symmetry is sp on taneously brok en

without tilting of the rolls. In addition the amplitude of the (p erio dic) n

z

comp onen t, whic h increases lik e n

z

�

p

� for small � , as exp ected from the

w eakly nonlinear theory , is found to remain nearly constan t for � � �

AR

.

F or p 6= 0 the director \prefers" to rotate to w ards the axis of the rolls: e.g.

n

H

y

< 0 for p > 0 (see the lo w er sheet in Fig.6).
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Fig.7. Stabilit y diagram for rolls in the normal direction ( p = 0) in the ! ; � plane

(unstable regimes in gra y). �
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(thic k line): NR ! AR bifurcation. !

L

= Lifshitz

frequency , �

Z Z

(thin line): zig-zag instabilit y . �

ARstab

(dotted line): restabilizati on of

the abnormal rolls. The upp er dashed line is at lo w frequencies a short-w a v elength

v aricose instabilit y ( �

B V

) that transforms in to a long-w a v elength sk ew ed-v aricose in-

stabilit y ( �

S V

) at ! �

0

' 2 : 8 ( � ).

In Fig.7 the stabilit y regime (in white) for rolls with q = ( q

c

; 0) is sho wn

in more detail in the �; ! plane. F or ! < !

L

, where the primary bifurcation is

to OR, NR are unstable near threshold ( � ' 0) against long-w a v elength un-

dulations along the roll axis (\zig-zag" instabilit y). The mec hanism b ecomes

less e�cien t for AR, where the y 7! � y symmetry is brok en. Th us AR b ecome

stable when j n

H

y

j is large enough, for � > �

ARstab

( ! ) (dotted line). When � is

increased further the AR are destabilized at �

B V

( ! ) (dashed line), no w b y a

short-w a v elength instabilit y with a new w a v ev ector j k j ' q

c

roughly parallel

to the homogeneous part of the in-plane director ( n

H

x

; n

H

y

) in the AR. The

bimo dal patterns in Fig.5d then ob viously result from the destabilisation of

AR at � = �

B V

(see Fig.7).

In an in termediate frequency range !

L

< ! < !

AR

, NR are stable for

� � �

Z Z

( ! ) (solid line). A t �

Z Z

a zig-zag instabilit y (ZZ) dev elops [100], whic h

deriv es con tin uously from the oblique rolls at onset for lo w ! : �

Z Z

( ! ) ! 0 for

! ! !

L

. Ab o v e �

Z Z

the situation is analogous to the lo w-frequency regime,

i.e. one gets stable AR for � > �

ARstab

. When � is increased further the AR

exp erience the v aricose destabilisation at �

B V

as b efore.

The stabilit y limits �

AR

; �

ARstab

and �

B V

decrease with increasing ! as

seen in Fig.7. Ab o v e the frequency !

AR

, where �

Z Z

, �

ARstab

meet the line

�

AR

, the bifurcation NR ! AR o ccurs in the stable r ange . Along the v aricose

line �

B V

( ! ), the mo dulation w a v ev ector s = k � q approac hes zero with

increasing ! , whereas the ratio s

y

=s

x

sta ys �nite ( s

y

=s

x

' � 2 : 7). Ab o v e
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! �

0

' 2 : 8 (see the cross in Fig.7), the v aricose instabilit y th us b ecomes a

long-w a v elength mo dulational instabilit y of the sk ew ed-v aricose t yp e [101].

The substance MBBA has no Lifshitz p oin t. Therefore the part of the stabilit y

diagram for ! > !

L

in Fig.7 is shifted to lo w er ! .

The detailed bifurcation sequences can b e discussed with the help of Fig.8

at a represen tativ e frequency ! �

0

= 0 : 5 for patterns with w a v e v ectors q =

( q

c

; p ). In con trast to Fig.6 the amplitude n

H

y

is not sho wn. F or � � �

z z

� 0 : 05

normal rolls ( p = 0) are stable. Ab o v e �

z z

a bifurcation to oblique rolls

with �nite p tak es place, where a whole p band is a v ailable except for the

unstable " bubble" mark ed b y the dashed line. A t �

ARstab

(in the Z Z -unstable

regime within the bubble) abnormal rolls bifurcate. They b ecome Z Z -stable

at �

ARstab

.

It seems that in exp erimen ts when slo wly increasing � b ey ond �

Z Z

the pat-

terns follo w at �rst more or less the b oundary curv e of the unstable bubble.

Th us the angle � = arctan( q =p ) of the w a v ev ector with resp ect to the x -axis

do es not b ecome to o large. The pattern app earing b ey ond the ZZ-instabilit y

can b e describ ed at �rst as rolls with a smo oth undulation along their axis.

If � is increased further (presumably ab o v e �

AR

) zig-zag patterns with sharp

b oundaries as sho wn in Fig.2a dev elop. The sequence NR-undulated rolls-OR

has b een �rst describ ed in Ref. [62]. F or higher � � �

B V

it is a pattern selec-

tion problem whether the system actually uses the opp ortunit y to return to

AR patterns with p = 0 or not. In most exp erimen ts rep orted up to no w p

decreases but p = 0 is not reac hed (except in the case of a w all as in Fig.5c).

Ho w ev er, there is a new v ery promising approac h to map the stabilit y dia-

gram in Figs. 7,8. directly . A strip-lik e cell is used where straigh t rolls along

the long side seem to b e strongly preferred suc h that ab o v e �

AR

p erfect AR

are reco v ered. The whole scenario is quite complicated and in v olv es mo du-

lated roll patterns, whic h can exist in the unstable bubble when decreasing

� starting from ab o v e �

ARstab

. There exist already �rst results based on a

phase di�usion equation whic h seem to explain the rather in tricate phenom-

ena [58, 57].

In Ref. [83] further examples are giv en whic h pro v e that the concept of

abnormal rolls is v ery imp ortan t for EHC in nematics. There exists semi-

quan titativ e agreemen t with exp erimen ts, whic h no w allo w for a new in-

terpretation. This applies for instance to v arious kinds of (dynamic) defect

structures [98, 99, 102], whic h are presumably triggered b y the SV-instabilites

in Fig.7. The bifurcation phenomena in particular asso ciated with abnormal

rolls app ear to b e generic for planar nematic con v ection, since they are also

found in Ra yleigh-B � enard con v ection of nematics [56].

Finally one migh t ask wh y abnormal rolls ha v e escap ed the atten tion of

exp erimen talists un til quite recen tly . The direct observ ation of a homoge-

neous n

y

distortion in the planar con�guration is di�cult. The optical axis

of the uniaxial nematics is the director. Maximal optical con trast is ac hiev ed

in extraordinary ligh t, when the p olarization of the ligh t is parallel to the
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0.0 0.2 0.4 0.6
0.0

0.2

0.4

p

e

stable

BV

eBV

eARstab
eAR

ezz

wt q = 0.5

Fig.8. Stabilit y diagram (MBBA) for rolls escaping in the oblique direction at �xed

( q = q

c

) The unstable bubble w as tested with Galerkin expansions truncated at four

(shaded) and six terms (diamond)

director at the plates, ^x . The p olarization then follo ws adiabatically an y n

y

excursion in the bulk and exits parallel to x̂ again, as long as n

y

v aries slo wly

o v er a w a v elength of the ligh t (Mauguin's principle). Therefore only n

z

is

monitored, whereas the n

y

distortion has almost no e�ect on the propaga-

tion of the ra ys. An exception is the grain b oundary in Fig.5c with opp osite

n

H

y

orien tations on either side. The resulting strong n

y

gradien ts inside the

grain, coupled to a lo calized p eak of n

z

, explain the observ ed optical con trast

of the w all. Ho w ev er, a small mo di�cation of the optical setup p ermits to vi-

sualize the small di�erences b et w een clo c kwise and coun terclo c kwise t wisted

domains in general. The tric k is to lift the (optical) equiv alence according to

Maugin's principle through the in tro duction of a quarter-w a v e plate at a 45

0

orien tation to ^x [103]. It is also v ery illumi nating to observ e the slo w relax-

ation time of the t wist mo de. A t �rst a strong in-plane rotation is seeded in

an abnormal roll pattern for � � �

AR

. Then � is suddenly quenc hed to zero.

While the pattern itself v anishes almost imm ediately , it tak es m uc h longer

time for the director to turn bac k in the x direction.

4.4 Dielectric regime

In the dielectric regime (see Sect.3) the director and the v elo cities oscillate

with the external frequency ab out the basic state while the p olarit y of the
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space c harge remains time indep enden t in leading order. The theoretical anal-

ysis of the patterns follo ws in principle the tec hniques already appro v ed in

the conduction regime.

With resp ect to the linear regime it is not di�cult to determine n umeri-

cally the critical w a v ev ector and the onset v oltage. The salien t features are

ho w ev er already con tained in an appro ximate analytic threshold form ula,

whic h can b e deriv ed with the help of appropriate lo w est-order test functions

[16, 104]. In comparison with the conductiv e regime con v ection sets in at a

higher v oltage, whic h increases con tin uously with the ac-frequency ! . In or-

der to o v ercome the stabilizing dielectric torque larger in-plane gradien ts are

required for the con v ection destabilisation and th us the w a v elength increases

a function of ! . Unless the critical w a v elengh t b ecomes comparable to the cell

thic kness the dielectric instabilit y is a "bulk instabilit y" whic h is insensitiv e

to the b oundary conditions. The w a v elengh t is determined b y the di�usion

length of the b end deformation k

33

= ( 


1

! ), i.e. b y material parameters and

not b y the v ertical distance d of the cell b oundaries. The con v ection rolls are

v ery thin and the pattern lo oks lik e a planar lamellar structure. Consequen tly

the appropriate order parameter in the dielectric regime is the d-indep enden t

electric �eld instead of the v oltage as in the conductiv e regime.

In addition one �nds from the analytical form ulation that the threshold

sta ys �nite for �

a

! 0, and in fact remains so when �

a

b ecomes p ositiv e. This

app ears to b e in con
ict with early treatmen ts [38], but impro v ed form ulas

ha v e b een dev elop ed later [105, 7]. V ery recen t and particularly careful mea-

suremen ts of the linear prop erties in the nematic Phase 5 agree v ery w ell

with the theory [106]. In MBBA the measured threshold exceeds t ypically

the theoretical prediction. The reason migh t b e, that MBBA is a quite un-

stable nematic and th us its conductivit y increases with time due to molecular

disso ciation pro cesses. In addition dopan ts are often added to increase the

conductiv e frequency range. It has nev er b een tested systematically whether

the commonly used material parameter ma y not ha v e to b e mo di�ed ac-

cordingly . Also the 
exo electric e�ects could b e more imp ortan t than in the

conduction regime [104]. On the other hand it is reassuring that quite subtle

prop erties lik e the phase shift of the director oscillations with resp ect to the

applied v oltage compare fa v ourably with exp erimen t [107].

P assing to the w eakly-nonlinear dielectric regime the lamellar-t yp e struc-

ture is only w eakly anc hored at the b oundaries and it should b e easily desta-

bilized b y (slo w) transv erse mo dulations. Th us it is not surprisising that

again the t wist mo de is found to b e resp onsible for a secondary bifurcation

to abnormal rolls, t ypically at a v ery small � � 10

� 2

[104]. The results are

consisten t with recen t exp erimen ts in Phase 5, where the dielectric regimes

tak es o v er at a small frequency ( f

d

= 26 H z ) [108]. The secondary instabilit y

is found at a rather small �

sb

� 0 : 08. As already stated abnormal rolls at a

v ery small � w ere also found directly in an particularly designed exp erimen tal

setup [103].
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With increasing � the situation b ecomes simpler at least from the exp er-

imen tal p oin t of view. W e again refer to the recen t exp erimen t [108]; ab o v e

�

sb

the rolls b ecome sligh tly undulated and a p ersisten t dynamics is in tro-

duced b y the app earance of w ell separated dislo cations. The n um b er of these

dislo cations increases con tin uously and ab o v e � = 0 : 24 one observ es p erio di-

cally ordered c hains of dislo cations orien ted along the normal-roll direction.

The p olarit y of the defects is the same along eac h c hain and alternates from

c hain to c hain. The defects mo v e in alternating directions (for a snapshot

see Fig.9). The name "c hevron structure" has b een coined for this pattern,

whic h is kno wn for man y y ears (see e.g [109]).

Fig.9. Chevron pattern at � = 0 : 26 in Phase 5 [108]

Recen tly a �rst theoretical explanation has b een prop osed for the c hevrons

[110]. The starting p oin t are Eqs.(24, 25) (see Section 5) originally deriv ed

for homeotropic EHC. They describ e the coupling of the patterning mo de

A to the order parameter of the abnormal rolls (i.e. the in-plane director c

with an angle � relativ e to the x axis). In the dielectric as w ell as in the

homeotropic case the con v ection starts in a situation where the electric �eld

is p erp endicular to the in-plane director c , whic h is sub ject to a v ery w eak

external torque. The b oundary e�ects in the dielectric case can b e iden ti�ed

with the action of a small magnetic �eld H parallel to x in the homeotropic

case. In some parameter regimes defect-c haotic solutions (see Figs.12, 13)

are indeed observ ed in sim ulations of Eqs.(24, 25), when h

2

= H

2

= ( � 2 � � )
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drops b elo w a critical v alue O (1) (corresp onding to small anc horing). With

increasing � the defects b ecome then ordered in c hevron-lik e strip es as in Fig.

9 [111].

The quite regular c hevrons at larger � can then b e captured theoreti-

cally b y a coarse-grained description in terms of reaction-di�usion equations

[111, 110]. The k ey to the formation of c hevrons is the \anomalous" torque

on c , whic h already leads to the abnormal-roll bifurcation at small � and

to defect c haos with increasing � . When the densit y of defects is su�cien tly

high a top ological c harge �eld can b e de�ned as the di�erence b et w een the

densities of defects with p ositiv e and negativ e p olarit y . The c haotic motion

of the defects leads to a �nite di�usivit y of the top ological c harge densit y . In

the theoretical description the angle � pla ys the role of an activ ator, whic h

enhances the (lo cal) top ological c harge im balance. The reason is that the rolls

tend to follo w the rotation of c . The resulting reorien tation of the roll pattern

en tails the motion of defects with opp ositely c harges in opp osite directions,

whic h then pla y the roll of an inhibitor. Elastic e�ects are resp onsible for dif-

fusion in � . Once ha ving arriv ed at the lev el of a reaction-di�usion systems

the p ossible scenarios are w ell kno wn: One can ha v e either oscillatory insta-

bilities or a steady spatially p erio dic T uring pattern, whic h, in the presen t

system, is iden ti�ed with the c hevron structure.

5 EHC in the homeotropic con�guration

In this c hapter w e will discuss in some detail the electroh ydro dynamic insta-

bilities in the homeotropic con�guration. The general setup is v ery similar to

Fig.1a except that the director is initially orien ted parallel to the electric ac

�eld E k z b y an appropriate surface treatmen t of the con�ning plates. The

system is no w isotropic in the plane of the nematic la y er. W e will address the

case of negativ e dielectric anisotrop y �

a

< 0, where, for energetic reasons, the

director has the tendency to orien t p erp endicular to E in order to minim ize

the electric torque. F or the case of p ositiv e �

a

, see e.g. [112, 113, 16]. If E

(or the applied v oltage V = j E j d ) is strong enough to o v ercome the opp osing

elastic torque at �rst the homogeneous F re � ederic ksz transition [4, 5] sho ws

up, whic h is a equilibrium transition. The isotrop y is then sp on taneously bro-

k en and a de�nite orien tation of the in-plane director comp onen t is singled

out, whic h w e call the x � axis. In some cases an additional magnetic �eld

H k x is applied p erp endicular to E to lift the rotational in v ariance and to

single out a de�nite orien tation. Under the com bined action of H and V the

F re � ederic ksz transition tak es place if

�

V

V

F

�

2

+

�

H

H

F

�

2

� 1 : (22)
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is full�lled [4]. V

F

and H

F

are de�ned as:

V

F

= �

s

k

33

j �

a

j �

0

; H

F

=

�

d

s

k

33

j �

a

j �

� 1

0

(23)

where �

a

and �

a

are the dielectric and diamagnetic anisotropies, resp ectiv ely ,

and k

33

is the elastic b end constan t (see Sect.2). By testing exp erimen tally

the transition lines according to the inequalit y (22) one can c hec k for imp er-

fections in the anc horing of the director at the cell b oundaries [106].

Ab o v e the F re � ederic ksz transition a planar la y er dev elops in the cen tral

region of the cell. In view of the ob vious analogy to the planar con�guration

it is not to o surprising that it can b ecome unstable against a con v ection

instabilit y ab o v e a second threshold. The transitions are sk etc hed in Fig.10.

a b

c d

Fig.10 a) Homeotropic groundstate, b) Director con�guration after the F re � ederic ksz

transition c) Mo dulated director con�guration in the EHC state. d) V elo cit y �eld in

the EHC state.

The theoretical analysis of the bifurcations is more complicated than in

the planar con�guration due to the inhomogeeous ground state. It has b een

ac hiev ed with the use of Galerkin-expansions [112] whic h are n umerically

demanding. The linear analysis repro duces the scenarios already kno wn from

planar EHC. A t lo w frequencies oblique rolls, at higher frequencies, ab o v e a

Lifshitz p oin t !

L

, normal rolls are found. By further increasing the frequency

one switc hes at ! = !

f

from the conductiv e to the dielectric regime. The

agreemen t with exp erimen ts is v ery satisfactory [106].

In Fig.11a the secondary destabilisation of normal rolls at ! �

0

= 1 is

sho wn as function of an imp osed planar magnetic �eld H on the basis of

a full Galerkin calculation (GAL). F or a su�cien tly strong magnetic �eld a
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long w a v elength zig-zag instabilit y is obtained. The details b ecome clearer

from Fig.11b, where the secondary destabilisation �

sb

is sho wn as function of

! �

0

for a �xed magnetic �eld ( H = 1). Starting from the Lifshitz p oin t (near

! �

0

= 0.6) the zig-zag line increases con tin uously . Near ! �

0

= 1 : 5 there is an

abrupt c hange to the homogeneous abnormal-roll bifurcation. The bifurcation

scenario is in p erfect analogy to the planar case (see Figs.7,8). The bifurcation

lines do not join smo othly at the Lifshitz p oin t. This is explained b y the fact

that the stabilit y of patterns with the critical w a v ev ector q

c

= ( q

c

; p

c

) is

sho wn. Approac hing !

L

from ab o v e ithe bifurcation p oin t �

Z Z

(the lo w est

p oin t of the bubble in Fig.8), mo v es do wn un til it v anishes at !

L

. Belo w !

L

the bubble is deformed and increasingly less imp ortan t for increasing p ; the

patterns remain stable up to m uc h higher � .

0 1
0.00

0.05

frequency wt q

ezz
(b)

0 1 2
0.00

0.10

0.20

magnetic field H

esb
WNL

GAL

(a)

Fig.11 a) Secondary destabilisati on �

sb

of normal rolls at bandcen ter for ! �

0

= 1 : 0

(GAL: F ull Galerkin analysis; WNL: w eakly nonlinear analysis. b)Secondary destabil-

isation of normal rolls at bandcen ter as function of the frequency ! �

q

for the reduced

magnetic �eld h

x

= 1, from [112].

Ho w ev er, in the limit of zero magnetic �eld, when the preferred axis, i.e

the in-plane director ^ c , is not �xed externally , the analogy to the planar case

breaks do wn. This is already eviden t from Fig.11a where normal rolls b ecome

unstable immediately at threshold. The reason is that transv erse mo dulations

lead to a torque on ^ c whic h cannot b e comp ensated. Oblique roll solutions do

not ev en exist b ecause of this torque [114]. Ev en with a �nite magnetic �eld

the standard w eakly nonlinear analysis breaks do wn (see the curv e WNL in

Fig.11a) b ecause the rotation of ^ c b ecomes to o large.

The imp ortan t di�erence b et w een the homeotropic and the planar case

has b een explained in Sect.3 in terms of the Goldstone mo de asso ciated with

the sp on taneously brok en isotrop y due to the F re � ederic ksz transition. The

action of the Goldstone mo de corresp onds to a rotation of the director in the

plane, i.e. to a �nite n

y

comp onen t, with a non v anishing z -a v erage. There is
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iin fact a close analogy to the AR bifurcation and the abnormal rolls ha v e

b een iden ti�ed at �rst in the homeotropic case [84].

The absence of stable roll patterns has led to the conjecture of a new

t yp e of spatio-temp oral c haos at onset [114]. A con vincing exp erimen tal con-

�rmation is sho wn in Fig.12. On the righ t side the oblique-roll pattern for

a frequency b elo w the Lifshitz p oin t (upp er panel) and normal rolls (lo w er

panel) for the frequency ab o v e the Lifshitz p oin t are stabilized b y a magnetic

�eld. Switc hing o� the magnetic �eld leads within seconds to the disordered

patterns sho wn on the left hand side.

Fig.12 Exp erimen tal pictures from [115]. T ypical con v ection patterns with (left

panel) and without magnetic �eld (righ t panel) are sho wn at t w o di�eren t frequencies,

60 Hz (ab o v e) and 300 Hz (b elo w)

.

A clear understanding of the disordered patterns near threshold has b een

ac hiev ed from a no v el w eakly nonlinear description that incorp orates the

critical con v ection mo de together with the Goldstone mo de [52].

The general form of the equations is go v erned b y symmetry considerations

(w e write ^ c

?

= ^ z � ^ c ):
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The v arious co e�cien ts in Eqs.(24,25) can b e obtained from the Galerkin

co de used for Fig.11.

A t �rst one recognizes a generalized Swift-Hohen b erg equation for the

pattern amplitude A in Eq.(24) where the lo cal co ordinate system is deter-

mined b y the (lo cal) anisotrop y axis ^ c = ( cos ( � ) ; sin ( � )). The torque due to

spatial mo dulations exerted on the in-plane director is included in Eq. (25).

where in addition the magnetic torque is tak en in to accoun t.

These equations ha v e b een used for n umerical sim ulations. In Fig.13 a rep-

resen tativ e snapshots of  =

~

A + c:c: (left side) is compared with exp erimen tal

observ ations (righ t side) for " = 0 : 02, H = 0 [116]). Material parameters as in

[114] ha v e b een used used to calculate the co e�cien ts of (24,25) (for details

see [52]). Eviden tly the patterns in exp erimen ts and sim ulations lo ok v ery

similar. Though in the normal roll regime some defects app ear, the rolls are

lo cally aligned along a main direction. The oblique roll regime is dominated

b y a sup erp osition of zig and zag. Again the preferred axis c hanges only o v er

large distances. A p ersisten t time dep endence is observ ed in the sim ulations

in agreemen t with the exp erimen ts in the oblique roll case. Ho w ev er, the ex-

p erimen ts in the normal roll regime at higher frequency rev eal t w o di�eren t

regimes near threshold [106, 117, 118]. First a frozen-in disordered pattern is

observ ed whic h lo oks lik e the one sho wn in Fig.13 (lo w er left panel). When

the con trol parameter is increased a crosso v er to a time dep enden t disordered

patterns is found. It is not y et clear whether an imp ortan t term is missing

in Eqs. (24,25), or whether small inhomogeneities in the exp erimen tal cell

suppress a p ersisten t dynamics at threshold.

Equations (24,25) represen t normal-form equations for quasi-2D pattern-

forming systems with a no v el kind of symmetry , and th us should b e of gen-

eral in terest. Other realizations migh t b e found in con v ection instabilities in

smectic-C liquid crystals, where a ^ c -director exists ab initio , and in Ra yleigh-

B � enard con v ection of homeotropically aligned NLCs with an additional elec-

tric �eld. In this case the �elds that driv e the F re � ederic ksz transition and

the con v ection instabilit y , resp ectiv ely , can b e v aried indep enden tly , whic h

should p ermit access to a large parameter range of Eqs. (24,25).

F or H = 0 and � < 0 Eqs. (24,25) yield STC at onset. Other exam-

ples are the K • upp ers-Lortz instabilit y in rotating Ra yleigh-B � enard con v ec-

tion [119, 120] and systems undergoing a Hopf bifurcation. An example for

the latter is the Benjamin-F eir destabilisation mec hanism (see e.g. [2]) or the

so-called disp ersiv e c haos [19], where a description b y a simple Ginzburg-

Landau equation should b e p ossible [121]. The origin of c haotic b eha vior is

of course v ery di�eren t in the v arious systems and their detailed comparison

will b e fruitful.
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Fig.13 Sim ulation s of Eqs. (24,25) (left) vs. exp erimen t [116] (righ t) for normal (top)

and oblique (b ottom) rolls (see text).

6 EHC driv en b y m ultiplicativ e noise

6.1 Exp erimen tal situation and motiv ation

The in
uence of sto c hastic temp oral mo dulation of external parameters in

spatially extended systems is an in teresting topic of curren t researc h [123].

Among the p ossible e�ects of the external noise are: shifts of thresholds,

the app earance of new bifurcation t yp es, mo di�cations of the bifurcation se-

quences (e.g. a direct transition to w ards c haos), or a c hange from a con tin uous

to h ysteretic onset of the pattern-forming instabilities.

The understanding of the v arious phenomena has b een considerably pro-

moted b y the in v estigation of the electroh ydro dynamic instabilities in ne-

matic liquid crystals (EHC). The starting p oin t is the common planar con-

�guration (see Fig. 1a), ho w ev er the applied electric �eld across the nematic

la y er is no w a sup erp osition of a deterministic comp onen t E

det

and a sto c has-

tic one, E

stoch

. In the exp erimen ts a lo w-frequency p erio dic E

det

w as used,

i.e. in a regime where the deterministic threshold curv e as a function of fre-

quency is almost 
at (see Fig. 2b). This justi�es to use in the theoretical

description almost exclusiv ely a time-indep enden t E

det

[124, 125, 126, 127,

128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140], cf. ho w ev er
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[141]. The sto c hastic �eld E

stoch

is mainly c haracterized b y its strength and

the correlation time �

stoch

of its auto-correlation function.

In the �rst exp erimen ts a 'fast' sto c hastic comp onen t w as sup erimp osed

[124, 125, 126], then subsequen t w ork w as also dev oted to 'slo w' sto c hastic

driving [127, 128, 129]. Slo w and fast refer here to the relation of �

stoch

to

the c haracteristic times of the liquid crystal, whic h go v ern the relaxation of

space c harge and director in absence of external electric �elds.

In these early exp erimen ts [124, 125, 126, 127, 128, 129] a highly dop ed

nematic MBBA w as used, where the electric conductivit y is quite large. It has

b een demonstrated that adding a fast sto c hastic �eld E

stoch

with its strength

b elo w a certain critical v alue E

c

leads to a stabilisation of the homogeneous

state, i.e. the threshold increases in comparison to a pure deterministic case.

Ho w ev er b ey ond E

c

the sto c hastic comp onen t is destabilizing and a disc on-

tinuous b eha viour of the threshold curv e as a function of sto c hastic-�eld

strength is found (direct transition). With increasing sto c hastic driving the

planforms at the con v ection threshold c hanged as w ell from normal rolls to a

grid pattern and �nally to a c haotic state (the dynamical scattering mo de).

The direct transition to w ards c haos at v ery high strength of the external noise

w as describ ed to o ccur via in termitten t bursts of spatially incoheren t struc-

tures em b edded in a homogeneous bac kground [126]. The frequency of the

bursts, as w ell as their duration and the area �lled with spatially disordered

structures increase with increasing deterministic v oltage un til the whole cell

is �lled with a strongly 
uctuating spatially disordered structure. The sup er-

p osition with a slo w sto c hastic �eld on the other hand w ould alw a ys decrease

the deterministic threshold. There w ere also some indications that the tran-

sition migh t b e sligh tly h ysteretic [129, 130]. F or a comprehensiv e review see

[129].

In later exp erimen ts undop ed MBBA (lo w conductivit y) [136, 137] and

a di�eren t, c hemically more stable nematics (Misc h ung 5) [138] w as used. It

w as at �rst con�rmed that slo w external noise w as destabilizing, in con trast

to a not to o strong, fast external noise, whic h w as stabilizing. With increasing

strength destabilizing e�ects tak e o v er, i.e. the threshold w as ev en tually found

to decrease c ontinuously with the strength of the sto c hastic �eld.

In these exp erimen ts, for pure sto c hastic driving ( E

det

= 0), a new sce-

nario w as rev ealed: With decreasing correlation time a transition from a

\conductiv e" to a \dielectric" regime w as observ ed at a critical �

stoch

. In

the latter regime the threshold w as no longer sharp, since strip e pattern

w ould app ear and disapp ears randomly in time [137, 138, 140]. The pat-

tern exhibits a c haracteristic blinking whic h corresp onds to the phenomenon

of on-o� -in termittency , recen tly discussed for lo w-dimensional systems ran-

domly driv en just b elo w their threshold of stabilit y , cf. e.g. [142]. The prob-

abilit y distribution for the duration of the laminar phases, i.e., o�-p erio ds is

go v erned b y a p o w er-la w o v er sev eral orders of magnitude [140].

An imp ortan t issue for the follo wing is the appropriate description of the
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sto c hastic pro cess. A common appro ximation is Gaussian white noise, whic h

applies to situations, where the correlation time of the driving sto c hastic �eld,

�

stoch

, is k ept m uc h shorter than all c haracteristic time scales in the system.

One migh t argue, that due to the critical-slo wing-do wn the time scale at the

onset of EHC is alw a ys long, but in fact it turns out that the dynamics of

other imp ortan t pro cesses is not w ell separated in time from �

stoch

. Since

the system couples to the square of the �eld strength there is another -more

formal- reason whic h forbids to use a Gaussian white noise: The square of

suc h a pro cess is not a w ell de�ned mathematical quan tit y .

F or these reasons the mo delling of the sto c hastic pro cess b y a white noise

is excluded: One has to use a sto c hastic mo del pro cess with �nite correlation

time, suc h as the Ornstein-Uhlen b ec k pro cess or the dic hotomous Mark o v

pro cess. The latter one allo ws a rigorous treatmen t of linear problems and

can easily b e generated in the exp erimen t.

An in teresting mathematical problem is p osed b y the stabilit y of a sto c has-

tic tra jectory . Di�eren t criteria ha v e b een discussed in the literature suc h as

the bifurcation of the maxim um of the probabilit y densit y [143], the stabil-

it y of the �rst or higher momen ts [144], or the asymptotic stabilit y of the

sto c hastic tra jectory with a probabilit y one (sample stabilit y) [145, 146]. It

is plausible that as long as the noise is fast compared to the time scales of

the system these stabilit y criteria should giv e similar results. Ho w ev er, as

will b e demonstrated for EHC, the correlation time �

stoch

is not in all cases

short. Th us the di�eren t criteria giv e indeed di�eren t results except in some

limits. T ypically , for a �xed noise strength, the tendency to w ards a desta-

bilisation increases with increasing order of the momen ts. This feature can

b e understo o d, since large but rare 
uctuations of a sto c hastic pro cess are

progressiv ely enhanced in the high-order momen ts. In an y case, the sample-

stabilit y criterion is consisten t with n umerical sim ulations and app ears as the

natural prop er c hoice [139].

The standard to ol to describ e the con v ection instabilit y of the quiescen t

state is the linear stabilit y analysis. F or a deterministic driving v oltage the

pro cedure is not di�cult to carry through and is w ell understo o d (see Sect. 3).

Ho w ev er, for sto c hastic driving already the linear regime presen ts a strong

c hallenge. Due to the inheren t di�culties of the problem further appro xi-

mations ha v e to b e in tro duced, whic h amoun t to a simpli�ed treatmen t of

all con v ection �elds with resp ect to their v ertical ( z -) dep endence, whic h

is captured b y one single mo de. This treatmen t leads to the so called t w o-

dimensional mo del [148, 134, 135] and its simpli�ed one-dimensional v ersion

[38, 105]. In the case of deterministic driving it has b een sho wn in detail that

the exact critical prop erties can th us b e satisfactorily repro duced within a

few p ercen t [17, 16].

In the sequel at �rst the mo del for sto c hastically driv en EHC is presen ted

(Sect. 6.2), b efore the criteria for sto c hastic stabilit y are discussed in Sect.

6.3. The detailed results of the linear analysis in comparison with exp erimen ts
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are presen ted in Sect. 6.4. It will turn out, that the theory can explain w ell a

v ariet y of di�eren t exp erimen tal �ndings. A discussion of related topics and

a outlo ok to future w ork can b e found in some Concluding remarks.

6.2 Mo delling of sto c hasticall y driv en EHC

In the follo wing at �rst the basic equations and its formal solutions are pre-

sen ted. F urthermore sev eral criteria of sto c hastic stabilit y are discussed.

The linearized equations of the t w o-dimensi onal mo del. The stabilit y

in v estigation of the quiescen t state against the formation of normal rolls

follo ws the standard metho d (see Sect. 3). The anisotrop y axis of the system

is parallel to x , and all �eld v ariables v ary only in x and z. The starting p oin t

are the basic equations as discussed in Sect. 2. In the horizon tal directions

with in�nite exten t a F ourier transformation (w a v en um b er k

x

) is applied;

with resp ect to the transv erse direction one Galerkin mo de (with w a v en um b er

k

z

) for eac h �eld (v elo cit y , director etc) is used. Their c hoice is dictated b y the

b oundary conditions at the con�ning horizon tal plates. W e ha v e used stress-

free b oundary conditions, whic h simplify the calculations and are kno wn to

giv e satisfactory results [17, 149]. The director distortions, the induced space

c harge, and the quan tities v

z

, @

z

v

x

( z ) ha v e to v anish at the b oundaries,

where v

x

, v

z

denote the v elo cit y comp onen ts parallel and p erp endicular to

the con�ning plates, resp ectiv ely . The v elo cit y �eld can then b e adiabatically

eliminated b ecause of the small viscous time scale.

One ends up with a system of t w o coupled ODE's, whic h describ e the

dynamics of the space c harge q and the spatial v ariation of the angle � b et w een

the director and electro de plates,  = @

x

� [148], giv en as:

_
z = C ( t ) z ; (26)

where z = ( q ;  )

T

, and

C ( t ) = �

�

1 =T

q

�

H

E

t

aE

t

�

1

� �

2

E

2

t

�

: (27)

The total driving electric �eld E

t

= E

det

+ E

stoch

is the sup erp osition of a

constan t comp onen t E

det

and a dic hotomous Mark o vian comp onen t E

stoch

=

E

D M P

t

whic h tak es randomly the v alues � E and has the auto correlation

< E

D M P

t

E

D M P

t

0

> = E

2

exp[ � 2 � ( t � t

0

)]. � determines the in v erse correlation

time (i.e. �

stoch

= 1 = 2 � ) and describ es the mean n um b er of jumps in unit

time. One sees immedia tely that the squar e of the sto c hastic �eld en ters,

whic h excludes the use of Gaussian white noise as already men tionned in the

in tro duction.

The parameters T

q

, �

H

, a , �

1 = 2

are explicitely giv en b y:

T

q

= "

0

( "

k

k

2

x

+ "

?

k

2

z

) = ( �

k

k

2

x

+ �

?

k

2

z

) ; (28)
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�

H

= ( �

k

"

?

� "

k

�

?

)( k

2

x

+ k

2

z

) = ( "

k

k

2

x

+ "

?

k

2

z

) ; (29)

a =

1

f

"

1

2

�

( 


1

� 


2

) k

4

x

+ ( 


1

+ 


2

) k

2

x

k

2

z

�

1

k

2

x

k

2

z

+ ( k

2

x

+ k

2

z

)( �

1

k

2

x

+ �

2

k

2

z

)

�

"

a

k

2

x

"

k

k

2

x

+ "

?

k

2

z

#

; (30)

�

1

=

�

K

33

k

2

x

+ K

11

k

2

z

�

=f ; (31)

�

2

= "

0

"

a

"

?

( k

2

x

+ k

2

z

) =

�

f ( "

k

k

2

x

+ "

?

k

2

z

)

�

: (32)

where �

1 = 2

= [ �

4

� 


2

+ �

5

+ �

3

] = 2 are the w ell-kno wn Mieso wicz co e�-

cien ts constructed from the viscous constan ts �

i

; i = 1 ; 5 ( 


1

= �

3

� �

2

; 


2

=

�

3

+ �

2

, see e.g. [17]). F or the sak e of brevit y w e ha v e in tro duced

f = 


1

�

1

4

�

�

( 


1

� 


2

) k

2

x

+ ( 


1

+ 


2

) k

2

z

�

2

�

1

k

2

x

k

2

z

+ ( k

2

x

+ k

2

z

)( �

1

k

2

x

+ �

2

k

2

z

)

: (33)

The co e�cien ts dep end on the w a v en um b er k

x

, whic h is to b e deter-

mined b y minim izing the threshold v oltage. F rom the v ertical b oundary con-

dition k

z

= � =d holds (o dd solutions with k

z

= 2 � =d pla y no role lik e in

the deterministic case). Note that b oth 1 =T

q

and �

H

are prop ortional to

�

k

if �

k

=�

?

= const: The one-dimensional mo del is readily obtained set-

ting k

z

= 0, i.e. b y neglecting the in
uence of the v ertical b oundaries. As

the c haracteristic length �

x

of the pattern in the lo w frequency conduction

regime is set b y the width of the nematic la y er, the 1d theory fails to predict

�

x

; one has to insert �

x

� d as a �t parameter to obtain reasonable v alues

for thresholds. Ho w ev er note, that in the high-frequency dielectric regime the

critical w a v elength b ecomes an in trinsic bulk prop ert y [147, 16] and is already

determined within the one-dimensional approac h.

F or a deterministic driving the undistorted state remains stable against

the formation of normal rolls if the solution of (26) con v erges to zero. F or

sto c hastic driving there exist sev eral stabilit y criteria to b e discussed b elo w.

F ormal solution. T o obtain a formal solution of Eq. (26) for a giv en real-

ization of E

D M P

t

with jumps at times t

�

, � = 0, 1, : : : , n , where t

n

> t

n � 1

>

� � � > t

1

> t

0

w e �rst consider a time in terv al b et w een t w o jumps where

C ( t ) = C

�

= const; � = � and diagonalize C

�

b y a unitary transformation

U

�

C

�

( U

�

)

� 1

=

�

�

�

1

0

0 �

�

2

�

� diag ( �

�

i

) : (34)

In tro ducing W

�

= U

�

z one �nds

_

W

�

= diag ( �

�

i

) W

�

whic h is solv ed b y

W

�

( t ) = diag f exp [ �

�

i

( t � t

0

)] g W

�

( t

0

). The in v erse transformation leads to

z

�

( t ) = T

�

( t � t

0

) z

�

( t

0

) ; (35)
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where T

�

is the time ev olution matrix

T

�

( � ) = ( U

�

)

� 1

diag[exp( �

�

i

� )] U

�

: (36)

F or a giv en realization of the driving pro cess with jumps at the random times

t

�

iteration of (35) giv es the formal solution [139]

z

�

n

( t ) = T

�

n

( t � t

n

) � � � T

�

1

( t

2

� t

1

) T

�

0

( t

1

� t

0

) z

�

0

( t

0

) : (37)

The stabilit y of the sto c hastic tra jectory z

�

n

( t ) is determined b y the

largest Ly apuno v exp onen t �

1

of the pro duct of random matrices in (37)

in the limit n ! 1 . If this exp onen t has a p ositiv e real part the tra jectory

div erges, otherwise it con v erges to zero. The ev aluation of in�nite pro ducts

of random matrices is a notorious di�cult problem, whic h app ears also in a

n um b er of di�eren t �elds in statistical ph ysics [150] (for further references see

e.g. [139]). Eq. (37) is used for the n umerical sim ulations in order to deter-

mine stabilit y thresholds (to b e compared with analytical results) [139] and

also the probabilit y densit y of the duration of quiescen t p erio ds just b elo w

the threshold [140].

6.3 Sto c hastic stabilit y criteria

In the follo wing w e will presen t and compare sev eral stabilit y criteria.

Mean �eld decouplin g. W e �rst describ e a simple appro ximation [125]

whic h rests on the assumption that the c haracteristic time of the driving

sto c hastic pro cess is fast compared to all other c haracteristic times. Then

the system will "feel" only the a v erage v alue of the sto c hastic �eld

E

t

! < E

t

> = E

det

; E

2

t

! < E

2

t

> = E

2

det

+ E

2

: (38)

This ph ysical picture corresp onds to a simple mean-�eld t yp e decoupling of

the a v erages

< E

t

z > ! < E

t

>< z > : (39)

With the ab o v e replacemen ts in (27) one obtains from det C = 0 the threshold

E

2

det;th

=

�

1

� �

2

E

2

�

H

aT

q

+ �

2

; (40)

whic h increases ( �

2

< 0) in a linear w a y with the strength of the sto c hastic

�eld E

2

. In the mean �eld appro ximation it is therefore imp ossible to explain

neither the exp erimen tally found discon tin uous b eha viour of the threshold

[126, 127, 128] nor the dep endence on the correlation time of the noise [128].
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Stabili t y of momen ts. The equations of motions for the �rst momen ts

form a closed system for < z > and < E

D M P

t

z > . One uses a theorem of

Shapiro and Logino v [151]

( @ =@ t + 2 � ) < E

D M P

t

z > = < E

D M P

t

_
z >; (41)

and exploits in addition ( E

D M P

t

)

2

= E

2

= const . The quan tit y
_

z on the

RHS of Eq. (41) is replaced b y Eq. (26). (Similar equations hold for the

higher momen ts.) The exact threshold condition for the stabilit y of momen ts

is nonlinear in the �eld strength th us op ening the p ossibilit y for a qualitativ e

(though not quan titativ e) understanding of the b eha viour of the threshold.

The standard mo del in its one-, t w o- and three-dimensional v ersions and

the 1d mo del including 
exo e�ect ha v e b een extensiv ely studied within this

approac h [132, 133, 134, 135].

Sample stabilit y . F or the follo wing it is crucial that one is able to reduce

the complicated dynamics of EHC to a system of t w o coupled sto c hastic equa-

tions (Eqs. (26)). In that case there exists a standard metho d to analyze the

asymptotic stabilit y of the tra jectory (Eq. (37)) for almost all realizations of

the driving pro cess (sample stabilit y) [145]. The �rst step is a transformation

from ( q ;  ) to p olar co ordinates ( r ; ' ), whic h leads from (26) to the pair of

equations

_r = g ( E

t

; ' ) r ; (42)

_' = h ( E

t

; ' ) : (43)

Equation (43) dep ends only on ' (the system is sk ew symmetric) and it is

p ossible to �nd the stationary solution P

�

( ' ) of the asso ciated Kolmogoro v

forw ard equation for the join t pro cess ( E

t

; ' )

_

P

�

=

d

d'

( h

�

P

�

) � � ( P

� �

� P

�

) ; � = � ; (44)

where h

�

is a shorthand notation for h ( E

�

; ' ). Equation (42) is linear in r

and can b e solv ed for a giv en tra jectory of the driving pro cess. This leads to

an expression for the leading Ly apuno v exp onen t [145]

�

1

= lim

t !1

1

t

Z

t

0

d� g ( E

�

; ' ) =

Z

supp

d'

X

� = �

P

�

( ' ) g ( E

�

; ' ) : (45)

The second equalit y holds due to the m ultipli cativ e ergo dic theorem of Os-

eledec [152] with P r ob 1, i.e., for almost all tra jectories.

F or the nondegenerate (the matrices C

+

and C

�

do not ha v e an eigen-

v ector in common) and nonrotational (the eigen v alues of C

�

are real and
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distinct) case whic h is of in terest here, �

1

can b e found up to quadratures

[145]

4 �

1

= �

X

� = �

Sp C

�

�

R

supp

d' F �

d

d'

ln j h

+

=h

�

j

R

supp

d' F =h

+

; (46)

where

F ( '; '

0

) = exp

�

� �

Z

'

'

0

d'

�

1

h

+

+

1

h

�

��

; '

0

2 supp : (47)

The t w o Ly apuno v exp onen ts of the system �

1

> �

2

are related b y

�

1

+ �

2

= 1 = 2

X

� = �

Sp C

�

: (48)

F or pure sto c hastic excitation ( E

det

� 0), the quadratures in (46) and

(47) ha v e b een ev aluated explicitly in terms of generalized h yp ergeometric

functions b oth for the 1d [134] and 2d mo del [139]. Also for a constan t, �nite

�eld E

det

analytical results exist for the 1d mo del, whereas for the 2d mo del

the in tegrals in (46) and (47) w ere ev aluated n umerically [139].

Numerical sim ulatio ns. The n umerical sim ulation follo es tra jectories z

�

n

( t )

starting from a nonzero but small initial v alue z (0) for a giv en realization of

the driving sto c hastic pro cess, cf. Eq. (37). A tra jectory with N jumps (cor-

resp onding to an a v erage time N =� with constan t E

t

in terv alls) is considered

as div erging if  = @

x

� � k � = ( � � ) =d > �

2

= (4 d ), i.e. for � > �

c

� � = 4.

This critical v alue for � is c ho osen, b ecause for �

>

�

� = 4 the linearization of

sin � � � on whic h Eq. 27 is based b ecomes in v alid. The th us determined

thresholds are virtually indep enden t of N and  

c

for N

>

�

10

4

, i.e. they v ary

only within a limit of less than one p ercen t when N and  

c

are v aried b oth

o v er a range of sev eral orders of magnitude [139].

In the follo wing the theoretical results are exempli�ed in detail and also

compared with exp erimen tal results.

6.4 Results

Comparison of di�eren t stabilit y criteria. The thresholds for the ap-

p earance of normal rolls calculated in the one-dimensional mo del according

to the di�eren t criteria discussed ab o v e are compared in Fig. 14. The total

v oltage is the sup erp osition of a constan t deterministic part ( U

1

= E

det

) and

a sto c hastic one ( U = E

stoch

) with fast and slo w sto c hastic driving frequency

� , resp ectiv ely . In this part the material parameters are tak en in general from

[153] (referred to as MBBA I in [139])), but w e allo w for mo di�cations of the

electrical conductivities. The cell thic knes is �xed to 100 � in all calculations.

F or small v alues of the sto c hastic v oltage U the thresholds from all criteria

coincide as m ust b e exp ected irresp ectiv e of � . The insert in Fig.14 addresses

the case of slo w driving calculated for �

k

= 1 : 5 � 10

� 8




� 1

m

� 1

and �

k

=�

?

=
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Fig. 14. Thresholds for the app earance of normal rolls calculated in the

one-dimensional mo del for a sup erp ositio n of constan t v oltage U

1

and a fast sto c has-

tic dic hotomous v oltage U ( � ' 1000 s

� 1

). The thresholds are obtained from:

mean-�eld decoupling (dashed line), stabilit y of �rst momen ts (dash-dotted line),

sample stabilit y (solid line), and n umerical sim ulation ( � ). The insert sho ws the case

of a 'slo w' sto c hastic v oltage ( � ' 100 s

� 1

) for whic h all criteria (b esides the mean

�eld decoupling) giv e the same result (from [139]; for the material parameters: see

text).

1 : 3. This corresp onds to a cut-o� frequency f

d

� 62Hz in the case of an

applied deterministic ac v oltage, whic h is comparable with � = 100Hz. The

results for fast driving are sho wn (for �

k

= 6 � 10

� 9




� 1

m

� 1

and �

k

=�

?

=

1 : 3) are sho wn in more detail. The sto c hastic frequency is no w m uc h larger

than the corresp onding cut-o� frequency f

d

= 26Hz. F or a wide range of

U the threshold from the mean �eld decoupling is v ery close to that of the

sample stabilit y , but for U b ey ond the threshold ( � 240 V ) for pure sto c hastic

excitation ( U

1

= 0) they are drastically di�eren t.

The results can b e understo o d through an comparison of the c haracteristic

times of the system and of the noise, cf. Fig. 15. The c haracteristic times of

the sto c hastically driv en system are giv en b y the mo dulus of the in v erse

of the Ly apuno v exp onen ts �

1

and �

2

. A t the threshold w e ha v e �

1

= 0,

the corresp onding time �

1

div erges and is th us w ell separated from �

stoch

.

The second c haracteristic time for the electric �elds at the threshold can b e

determined exactly [139]

�

2

= j 1 =�

2

j =

�

1 =T

q

+ �

1

� �

2

( E

2

det

+ E

2

)

�

� 1

; (49)

it decreases with increasing v alues of the threshold �elds and ma y reac h the

order of �

stoch

. In this case the mean-�eld decoupling is not justi�ed and the

threshold obtained from the stabilit y of the momen ts di�ers quan titativ ely

from the sample-stabilit y threshold. If instead �

stoch

is clearly separated from
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Fig. 15. The c haracteristic time �

2

= j 1 =�

2

j at the sample stabilit y threshold sho wn

in 14 decreases with increasing v oltage [139]. The initiall y clearly separated time

scales of �

2

and �

stoch

= 1 = 2 � b ecome of the same order at su�cien tly high sto c has-

tic v oltage. The insert sho ws the case where the time scales are w ell separated.

at least one of the c haracteristic times of the system, b oth momen t's and

sample stabilit y criteria giv e similar results, see inserts in Figs. 14 and 15.

The n umerical sim ulations con�rm the results obtained from the criterion of

sample stabilit y , whic h w as therefore used in [139, 140].

The region describing the stabilit y of the momen ts is alw a ys smaller than

that for sample stabilit y since the div ergence of the tra jectories is su�cien t

for the div ergence of the momen ts: F or large times one �nds

r

t

= e

<� [ E

�

] >t

� < e

� [ E

�

] t

> = < r

t

>; (50)

where the inequalit y holds due to the con v exit y of the exp onen tial function.

Finally one should men tion that the thresholds for sto c hastic excitation are

alw a ys b elo w that for deterministic excitation (for otherwise iden tical pa-

rameters and w a v e n um b ers). This is plausible since generally the thresholds

increase with the increasing frequency and a sto c hastic tra jectory with a

giv en mean n um b er of jumps alw a ys con tains lo w er F ourier comp onen ts.

Pure sto c hastic excitation. The stabilit y diagram for pure sto c hastic ex-

citation sho ws a top ological di�erence b et w een 'slo w' and 'fast' driving, cf.

Fig. 16. In the former case w e ha v e an unstable island in the left lo w er corner

of Fig. 16a. The corresp onding mo de (lo w threshold and small w a v en um b er)

is called c onductive . With increasing mean frequency � of the driving �eld

this island shrinks con tin uously . There is a sharp transition if it disapp ears:

The instabilit y is no w to w ards a mo de with a higher threshold and a m uc h

larger w a v e n um b er as it is t ypical for the diele ctric regime, cf. Fig. 16b.
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W e remark that also for deterministic driving the stabilit y diagram has

analogous prop erties. Note, that the di�eren t temp oral symmetries of dielec-

tric and conductiv e mo de in the deterministic case (see Sect. 3) are not crucial

here.

Fig. 16. Mo de selection for pure sto c hastic excitation [139]. Sho wn are the neutral

curv es for the t w o-dimensional mo del in (a) the conductiv e regime ( � = 100 s

� 1

)

and in (b) the dielectric regime ( � = 400 s

� 1

). The unstable region in the left lo w er

corner of (a) corresp onds to the conductiv e mo de and shrinks with increasing mean

frequency of the driving pro cess and is then absen t in the dielectric regime (b).

The \critical" w a v e n um b er k

x

increases as function of the mean frequency

� with a slop e m uc h smaller than for deterministic driving. This is also found

in exp erimen ts [138], cf. Fig. 17, and can b e qualitativ ely understo o d b y an

argumen t similar to that giv en ab o v e according to whic h sto c hastic driving

con tains alw a ys con tributions of lo w er F ourier mo des.

F or sto c hastic driving one observ es in the region indicated in Fig. 17 b y

op en rectangles phenomena whic h resem ble on-o� -in termittency: Normal roll

patc hes app ear and disapp ear in an irregular w a y at v oltages already b elo w

the sample stabilit y threshold [137, 138, 140]. The frequency of the bursts

increases with the strength of the sto c hastic �eld, their duration dep ends on

the c haracteristic time �

stoch

of the noise. Since the undistorted state is w ell

describ ed b y the linear theory this phenomenon can b e captured b y sim u-

lations based on Eq. (37). W e ha v e found when approac hing the threshold

( �

1

= 0) from b elo w that the probabilit y distribution for the duration �

of f

of

the undistorted state (i.e the laminar or o�-p erio ds) is go v erned b y a p o w er-

la w p ( �

of f

) � �

� 3 = 2

of f

o v er sev eral orders of magnitude, in go o d agreemen t

with the exp erimen t [140].

Sup erp osit io n of determini st ic and sto c hastic �eld. The sup erp osition

of a deterministic v oltage U

1

with a 'fast' sto c hastic v oltage U with increas-
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Fig. 17. Theory v ersus exp erimen t: Thresholds and selected w a v e n um b ers of nor-

mal rolls dep ending on the (mean) frequency of the driving �eld [138]. As explained

in the text, the curv es for sto c hastic driving are alw a ys b elo w those for deterministic

driving. Exp erimen tall y determined thresholds ( � deterministic driving, triangles:

sto c hastic driving) are compared with those obtained from the t w o-dimensional the-

ory (sample stabilit y criterion for the sto c hastic case). The exp erimen t is p erformed

with the nematic \Misc h ung 5". The op en rectangles indicate the range where for

sto c hastic driving phenomena w ere observ ed whic h resem ble on-o� -in termittency

(see text).

ing strength stabilizes at �rst the undistorted state. This is sho wn in Fig.

18, where the threshold increases initially with increasing U . This remains

true up to a certain \critical" v alue of U b ey ond whic h the threshold curv e

b ends do wn ( U b ecomes destabilizing). The threshold curv es are determined

exp erimen tally follo wing a suitable proto col in v olving c hanges in U; U

1

inside

the stable regime un til a p oin t on the linear stabilit y curv e is hit.

The region where the undistorted state is stable may extend b ey ond the

threshold v alues of deterministic or sto c hastic driving alone, th us forming

a stable tongue in the U - U

1

plane (i.e. the upp er curv e in Fig. 18 b ends

bac k at large U ). This explains wh y in exp erimen ts [126, 127, 128, 129] a

discon tin uous b eha viour of the threshold w as observ ed, when a sto c hastic

v oltage U of a giv en strength w as applied �rst and then the deterministic

v oltage U

1

w as increased up to the instabilit y of the homogeneous phase. In

other w ords, b elo w a certain v alue U

c

( � 230V in Fig. 18) the threshold is

found at a �nite deterministic v oltage U

1 th

, whereas for U > U

c

con v ection

sets in immediately at U

1 th

= 0.

The app earance of the stable tongue dep ends on the material parame-

ters. Roughly sp eaking, the tendency to w ards its formation decreases with

increasing Helfric h parameter �

2

(indep enden t of the stabilit y criterion, i.e.

for momen t's stabilit y [132] as w ell as for sample stabilit y [139]. The Hel-
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Fig. 18. Comparison of sample stabilit y thresholds for di�eren t v alues of the con-

ductivit y at �xed � = 1000s

� 1

in the one-dimensiona l mo del [139]. The tendency to-

w ards formation of a stable tongue increases with increasing conductivit y . Sho wn are

the cases �

k

= 1 : 11 � 10

� 10




� 1

cm

� 1

and �

k

= 2 : 22 � 10

� 10




� 1

cm

� 1

, �

k

=�

?

= 1 : 5.

In the latter case there is a stable tongue so that, follo wing the measuring pro ce-

dure describ ed in the text, the threshold curv e app ears discon tin uou s. The mean

n um b er of jumps is � = 1000s

� 1

(Material parameters MBBA I I from [148, 139]).

fric h parameter (whic h alone determines f

d

in units of the c harge relaxation

time �

q

(see Eq. (12)) dep ends only on the ratio �

k

=�

?

. A further imp ortan t

parameter is in fact the absolute v alue of the conductivit y �

k

whic h ma y

di�er from sample to sample considerably and whic h can b e c hanged easily

b y doping. The tendency to w ards formation of a stable tongue increases with

increasing �

k

while �

k

=�

?

is k ept constan t (cf. Fig. 18). Note that f

d

� �

k

in ph ysical units.

The early exp erimen ts [126, 127, 128, 129] w ere p erformed presumably

with highly dop ed MBBA ( f

d

= 360Hz in [129]). In later exp erimen ts with

undop ed MBBA [136, 137] ( f

d

� 170Hz) and a di�eren t, c hemically more

stable nematics ( Mischung 5 ) [138] no stable tongue and corresp ondingly no

discon tin uous b eha viour of the threshold w as found.

As already men tioned the sup erp osition of a deterministic �eld with a

'slo w' sto c hastic one leads alw a ys to a monotonous decrease of the thresh-

old with increasing sto c hastic �eld (see insert in Fig. 14) in agreemen t with

exp erimen ts.

The di�erence of the thresholds for the one-dimensional and t w o-dimensional

v ersions of the standard mo del are in general small. The selected w a v e n um-

b ers, ho w ev er, di�er signi�can tly , cf. Fig. 19. This is eviden t, since k

x

is

alw a ys c hosen to b e � =d in the one-dimensional v ersion, whereas it increases

in fact with increasing strength of the sto c hastic �eld. This is consisten t with
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Fig. 19. Thresholds and selected w a v e n um b ers for the sup erp osition of a con-

stan t v oltage U

1

with a sto c hastic dic hotomous v oltage U obtained for the

one-dimensional (dashed line) and the t w o-dimensional mo del (solid line) from the

sample stabilit y criterion and from n umerical sim ulation ( � ) [139]. Material param-

eters from [148], � = 1000 s

� 1

.

exp erimen tal �ndings [136, 137, 138]. A detailed quan titativ e comparison of

t w o-dimensional theory and exp erimen t is in preparation.

6.5 Concluding remarks and outlo ok

The theoretical treatmen t presen ted in this review has ob viously the capa-

bilit y for a con vincing explanation of a v ariet y of exp erimen tal �ndings. This

has b een demonstrated for the follo wing phenomena: (i) The discon tin uous

b eha viour of the threshold at a critical strength of the noise, (ii) the c hange

from discon tin uous to con tin uous b eha viour of the threshold with increasing

correlation time of the noise, (iii) the c hange from con tin uous to discon tin u-

ous b eha viour of the threshold with increasing conductivit y , (iv) the c hange

from stabilizing to destabilizing e�ect of the noise if its correlation time b e-

comes comparable to the correlation time of the system, and (v) the on-o�

in termittency observ ed in v ery recen t exp erimen ts. In the follo wing w e will

men tion some issues that certainly need further in v estigation.

In the n umerical sim ulations of the t w o-dimensional mo del it w as observ ed

that the 
uctuations in the distribution of Ly apuno v exp onen ts for tra jec-

tories of �nite length (whic h mean 
uctuations of the threshold) increase if

the c haracteristic times of noise and system b ecome comparable, cf. Fig. 19.

Fluctuations of thresholds w ere also observ ed in exp erimen t for su�cien tly

large noise [136, 137, 138, 140]. The theoretical treatmen t of these 
uctua-

tions leads to the problem of generalized Ly apuno v exp onen ts [150, 154].

The conductivit y en ters the standard mo del considered here as a mate-

rial parameter. Recen tly , T reib er and Kramer [33] ha v e dev elop ed a more

sophisticated mo del (WEM, see Sect. 4.2), where ionic migration, di�usion
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and disso ciation-recom bination pro cesses are included. Th us the electric con-

ductivit y b ecomes a v ariable whic h in tro duces new time and length scales.

In the deterministic case the primary bifurcation phenomena b ecome m uc h

ric her (Hopf, sub critical). and the analysis of sto c hastic driving within this

mo del will b e certainly rew arding.

In the presen t w ork the stabilit y of the undistorted state against one

mo de describing roll patterns of a �xed w a v e n um b er w as considered. If the

c haracteristic time of the noise is of the order of the in v erse gro wth rate of a

t ypical mo de, the pro cess of mo de selection will not b e completed un til the

next jump of the noise. Th us a band of w a v e n um b ers migh t b e in v olv ed.

This could lead to a sort of dynamical pattern as observ ed in exp erimen ts.

A t least in a conceptually di�eren t system (of Hamiltonian or dissipativ e

gradien t t yp e) it has b een recen tly sho wn, that a con tin uous band of w a v e

n um b ers migh t remain relev an t for the long-time b eha viour [162].

The inheren t di�culties of sto c hastically driv en EHC substan tially in-

crease if it comes to the description of the nonlinear regime. A n umerical

treatmen t of the full set of nonlinear electroh ydro dynamic equations seems

at presen t not to b e feasible ev en in the deterministic case. Ho w ev er, a reli-

able description is p ossible in the w eakly nonlinear regime in terms of order

parameter equations (see Sect. 3). The general problem of systematically

deriving amplitude equations in the sto c hastic case has b een addressed in

few in v estigations, see e.g. [157, 158, 159, 160, 161]. Ho w ev er, it is an op en

question, whic h approac h applies to the case of m ultipli cativ e noise in EHC

with not alw a ys w ell separated time scales and �nite correlation time of the

noise. One migh t sp eculate that for su�cien tly fast driving a kind of order

parameter equations with \a v eraged" co e�cien ts could result, while in the

opp osite case the co e�cien ts migh t b e sto c hastic quan tities. One should also

b e a w are of the fact, that a deterministic sup ercritical bifurcation can c hange

to a sub critical one under the in
uence of noise [155, 156].

A t the momen t nonlinear partial di�eren tial equations, e.g. of Ginzburg-

Landau or Swift-Hohen b erg t yp e, with additiv e or m ultipli cativ e Gaussian

white noise ( intr o duc e d ad ho c ) are a sub ject of in tense studies [163, 164,

165, 166, 167, 168, 169, 170, 171, 172, 173, 174]. In this con text, Bec k er

and Kramer [175, 176] found a con trollable appro ximation to determine the

threshold of sample stabilit y without kno wledge of the stationary distribu-

tion. A zero-dimensional v ersion, the Stratono vic h mo del, w as solv ed rigor-

ously for Gaussian white noise [177, 178] and dic hotomous noise [179]. More

recen tly , a 1d mo del with m ultiplicativ e noise that is a pro duct of a Gaussian

white noise in time and a spatial p erio dic function w as considered [180].

Here w e ha v e concen trated on the case of sto c hastically driv en electro-

h ydro dynamic con v ection, i.e. a m ultiplicativ e, parametric, external noise.

One should note that the v ery in teresting and in triguing problem of thermal


uctuations, i.e. the case of additiv e, in ternal noise has also motiv ated man y

exp erimen tal and theoretical activities [24].
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7 General Conclusions

In this review w e ha v e describ ed to some exten t the presen t status of researc h

in EHC. In near future it is to b e exp ected, that the com bined application of

electric and magnetic �elds will b e explored in more detail. An y additional

con trol parameter is ob viously v ery useful to enfold bifurcation scenarios and

to accen tuate sp eci�c mec hanism (for a recen t example see [181]). But also

v ery unexp ected and not y et understo o d phenomena can sho w up lik e the

dendritic gro wth of EHC patterns (see [182]). Man y other problems ask for

further in v estigation. Among them are the prop erties of the abnormal rolls,

in particular the defect and w all structures in this state, whic h certainly

determine the patterns not to o far from threshold. EHC is a nice paradigm

for the formation of c hevrons, i.e. an sup er-structure of particle-lik e defects,

whic h dev elops out of a gas of \free" defects. The formation of defect c hains

is also observ ed in other cases for instance in sim ulations of the complex

Ginzburg-Landau equation [183].

Another issue is the c haracterization of spatial temp oral c haos (STC),

whic h is the sub ject of curren t researc h in general. STC can easily b e pro-

duced in EHC exp erimen ts b y increasing the driving v oltage. The system is

apparen tly w ell suited to study suc h statistical issues, b ecause of the short

c haracteristic timesi and large asp ect ratios. F or example it has b een stressed

recen tly that time-a v erages of the patterns unlik e a single snapshot migh t

con tain useful information ab out c haracteristic times and length of a system

[184] as function of the con trol parameter. This has b een con�rmed in recen t

exp erimen tal studies [185], where the transition and the p ossible origin of the

STC has b een c haracterized.

F urthermore one should k eep in mind, that t ypical bifurcation scenarios

in EHC can b e found as w ell in RBC of nematics [186]. It is for instance easy

to �nd a Hopf bifurcation at threshold in the homeotropic case (for recen t

exp erimen ts see e.g. [187]). The close analogy b et w een EHC and RBC is also

re
ected in the theoretical analysis [56].

Though not directly related, one should men tion �nally that in teresting

instabilities in nematics can also app ear under the in
uence of shear 
o w

[188]. Then a viscous torque is exerted on the director, whic h w as part of the

destabilisation lo op in EHC, where the director is situated in the shear plane.

The 
o w instabilities in this geometry are curren tly under in v estigation, under

the application of oscillatory 
o ws. The scenarios are unexp ectedly ric h. One

�nds spatially homogeneous oscillations of the director in Couette 
o w [189]

as w ell as the bifurcation to con v ection-roll patterns under P oisseuille 
o w

[190].

Ac kno wledgemen t s W e ha v e b ene�tted a lot from discussions with G.

Ahlers, H. Brand, A. Buk a, S. Kai, I. Reh b erg and W. Zimmerm ann. Excep-

tional is the role of L. Kramer, who has b een alw a ys strongly in v olv ed in the
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man y asp ects of EHC, whic h ha v e b een discussed in this review. Crucial for

an y scien ti�c progress is the e�ort of motiv ated co w ork ers. W e are in partic-

ular indebted to H. Amm, W. Dec k er, A. Hertric h, Th. John, A. Lange, R.

M • uller, E. Plaut, A. Rossb erg and M. T reib er. They and G. Ahlers, A. Buk a,

I. Reh b erg ha v e also kindly pro vided graphs of their results. W e are grateful

to F. Sc hmo egner for his help preparing the man uscript.
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