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We study theoreticallyconvectionphenomenain a laterally extendedplanarnematiclayer driven by an
ac-electric®eld~electroconvectionin theconductionregime! or by a thermalgradient~thermoconvection!. We
useanorder-parameterapproachanddemonstratethat thesequenceof bifurcationsfoundexperimentallyor in
the numericalcomputationscanbe recovered,provideda homogeneoustwist modeof the director is consid-
eredas a new active mode.Thus we elucidatethe bifurcation to the new ``abnormalrolls'' @E. Plaut et al.,
Phys.Rev.Lett. 79, 2367~1997!#. The couplingbetweenspatialmodulationsof the twist modeandthe mean
¯ow is shownto give an importantmechanismfor the long-wavelengthzig-zaginstability. The twist modeis
alsoresponsiblefor thewidely observedbimodalinstability of rolls. Finally, a Hopf bifurcationin theresulting
bimodalstructuresis found,which consistsof directoroscillationscoupledwith a periodicswitchingbetween
the two roll amplitudes.A systematicinvestigationof the microscopicmechanismscontrolling all these
bifurcationsis presented.This establishesa closeanalogybetweenelectroconvectionand thermoconvection.
Moreover,a ``director±wave-vectorfrustration'' is found to explainmostof the bifurcations.
@S1063-651X~99!01102-2#

PACSnumber~s!: 47.20.Ky,47.20.Bp,42.70.Df

I. INTRODUCTION

The rich variety of instabilitiesin nematicliquid crystals
has always attractedgreat interestamongexperimentalists
andtheorists@1±3#. Nematicliquid crystalsare¯uids which
show a long-rangeuniaxial ordering in the orientation of
their rodlike molecules.The averageorientationde®nesthe
director®eldn, which is alsothelocal anisotropyaxisof the
medium.Due to the couplingof n to the other®eldsof the
¯uid ~velocity, temperature,etc.!, speci®cfocusingmecha-
nismsleadto newconvectiveinstabilities@4,5#. In theplanar
setup used by most researchers,a nematic layer is sand-
wichedbetweentwo horizontalplates,wherethe director is
®xedin a horizontaldirectionxÃ~planaranchoring!. Sincethe
rotationalsymmetryin the layerplaneis broken,this system
has becomea prime example for anisotropic convection
@3,6#.

Two realizationsof convectionin a planarnematiclayer
exist.Undertheapplicationof a vertical~alongz) ac-electric
®eldof angularfrequencyv , chargefocusing@4,7#leadsto
electroconvection ~EC!. Thin cells of thickness d
. 10±100 mm canbe used.Consequentlythe characteristic
times are small and very large aspectratios ~cell width/d)
can be obtained;also for thesereasonsEC hasbeenexten-
sively studied@6#. Alternatively,by heatinga planarnematic
layer from below heatfocusing@5#leadsto anisotropicther-
moconvection~ATC!. The characteristictimes in ATC are
annoyinglylong exceptwhena largedirector-stabilizingpla-
nar magnetic®eld ( i xÃ) is applied as in @8#. On the other
hand,this systemis interestingsinceits theoreticaldescrip-
tion is somewhatsimpler thanin EC.

In this paper we will concentrateon the ``director-
dominatedregime'' wheretheslow dynamicsof thedirector
®eld determinesthe longest characteristic-timescale.This
regimecorrespondsto EC at low frequenciesin the conduc-
tion regimeandto ATC in the absenceof ~or at very small!
stabilizingmagnetic®elds.Most of the experimentalstudies
of EC havebeenperformeduntil recentlyin this regime;the
new weak-electrolyteeffects @9,10# relevant for high fre-
quencies,thin cells, or nematicmaterialswith a very small
dielectricanisotropyea will not be included.In thedirector-
dominatedregime the sequencesof spatio-temporalstruc-
tures found experimentallyby slowly increasingthe main
control parameter~the applied electric ®eld in EC or the
temperaturegradient in ATC! are similar in both systems.
Typically, normalrolls, with their axis' xÃ, arefound at on-
set@11,5#. They undergo,at rathersmall e, the reduceddis-
tanceto the convectionthreshold,modulationalor homoge-
neousinstabilities,leadingtoward either oblique rolls ~zig-
zags! @11±14# or abnormal rolls @15±17#. At higher e
bimodalor grid patterns@18,14#arevery often found,which
®nally becomeoscillating @18±20#. Despite the fact that
someelementsof thesescenarios~especiallythe last steps
implying stationaryor oscillating bimodal structures! have
beenknown experimentallyfor morethan20 yearsin EC, a
comprehensivetheoreticaldescriptionand explanationare
still lacking.

Sinceall thebifurcationsoccurrelativelynearto thecon-
vectionthreshold,onemajor theoreticalapproachconsistsin
the ``order-parameterexpansions.''Orderparametersarein-
troducedasthe amplitudesof the dynamicallyactivemodes,
e.g., the pattern-forming,critically slowed roll modes~of
growth rates ; e) in the frameworkof the standardweakly
nonlinear~WNL! analysis.A simpli®eddescriptionof the
dynamicsof thesystemis thenobtainedin termsof ``ampli-
tude'' or ``order-parameterequations,'' where the nonlin-
earitiesare truncatedat cubic order in the commonsuper-
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critical case@21#. The generalstructureof theseequations
and the allowed couplingsbetweenthe amplitudescan be
deduceda priori from the symmetriesof the system.Never-
theless,a trustworthydescriptionrequiresa systematiccal-
culation of the coef®cientsfrom the basic ``microscopic''
equations;indeed,exceptin very simplecases,eventhesign
of the coef®cientsis not intuitively known. In nematiccon-
vection the standardWNL analysisresultsin either ``Lan-
dau'' ~without spatial variations! or ``Ginzburg-Landau''
~including spatial degreesof freedom! amplitudeequations
@3,6#. Theyhaveallowedsuccessfulstudiesof manygeneric
phenomenanearthreshold@7,20,23,24#. Somesecondaryin-
stabilities of the roll structureshave beenqualitatively ex-
plained as well @25,26#. However, strong quantitativedis-
crepancies concerning the long-wavelength secondary
instabilitiescould only be resolvedby the useof fully nu-
mericalsolutionsof thebasicequationsin which all thenon-
linearitiesarekept ~̀`Galerkincomputations''@27,28#!. Such
methodswerealsoneededto identify the surprisingbifurca-
tion to abnormalrolls in EC @15#. Heavy computationsof
this kind cannoteasily be extendedto bimodal structures;
thustheir stability hasnot beenaddressedtheoreticallyup to
now. In any case,the physicalorigin of bifurcationsis hard
to extractby numericalmethods,whereasa transparentin-
vestigation of nonlinear mechanismsbecomes possible
within the order-parameterapproach@26,29#.

The main goal of this paper is to demonstratethat an
order-parameterapproachwhich includes a homogeneous
twist rotation of thedirectorasa newactivemodeallowsus,
in mostcases,to reconstructthe whole sequenceof bifurca-
tions.The correspondingnew orderparameterw, which de-
®nesto lowestorderthe anglebetweenthe averagein-plane
directorn0 andxÃ@seeEq.~39!#, hasbeenin fact successfully
introducedat ®rstfor nematicconvectionwith homeotropic
~isotropic! alignment@30#. In the planarcase,the introduc-
tion of this newactivemodestemsnaturallyfrom theresults
of theGalerkincomputationsandtheexperimentsin EC @15#
andfrom a carefulstudyof the resultsof the WNL analysis
in ATC @29#. After a brief glanceat the basicequationsand
their symmetriesin Sec.II andat thestandardlinearproper-
ties in Sec.III A, we showin Sec.III B that this twist mode
hasonly a slightly negativegrowth rateascomparedto the
growth rateof the roll modes.In Sec.IV the coupledampli-
tude equationsfor the roll and twist modesare calculated
from thebasicnematohydrodynamicequations,andwe show
that thetwist modecanindeedbecomeactive.A quantitative
descriptionof the bifurcation to abnormalrolls is achieved.
In Sec.V theamplitudeequationsaregeneralizedto include
long-wavelengthmodulationstogetherwith the mean-¯ow
effects.A coupling betweensplay-twistmodulationsof the
in-planedirectorandthe mean¯ow is shownto give a very
ef®cientsecondarymechanismfor the zig-zaginstability. A
subsequentrestabilizationof abnormalrolls at higher e is
alsoobtained.Thecompetitionbetweenthevariousinstabili-
ties is analyzed.SectionVI is devotedto the study of the
short-wavelengthinstabilities of abnormalor oblique rolls.
The amplitudeequationsof Sec.IV are generalizedby the
introductionof a secondaryroll amplitude.It is shownthat
the mechanismtowardsthe bimodal varicose,proposedin
@26# for ATC on the basisof a WNL analysis,appliesgen-
erally. Furtherinvestigationof the coupledamplitudeequa-

tions revealsthe existenceof a Hopf bifurcation,which ex-
plainstheoscillatingbimodals.Themicroscopicmechanisms
controlling the variousbifurcationsand the structureof the
newsolutionsaresystematicallyanalyzed.Comparisonswith
numerical results and experimental ®ndings concerning
mainly the nematicmaterialsN5 in EC and 5CB in ATC
~Sec. II A! are presentedwheneverpossible.We also pro-
posea heuristicinterpretationof thebifurcationscenarios,in
termsof a competition~or ``frustration''! betweenthefocus-
ing mechanismsand the viscoustorquesexertedon the in-
plane director ~Sec. IV D!. The appendixescontain addi-
tional informationconcerningthelinearequations~Appendix
A!, thecalculationalmethod~AppendixB!, analyticapproxi-
mationsof somenonlinearcoupling coef®cients~Appendix
C!, and resultsfor the nematicmaterialMBBA ~Appendix
D!.

II. BASIC EQUATIONS Ð SYMMETRIES

In Sec.II A we recall thebasisof thestandardnematohy-
drodynamic@1,3#descriptionof EC andATC; a detailedpre-
sentationcan be found in @25# for EC and in @23,29# for
ATC. The dimensionlessunits and the setsof materialpa-
rametersusedarealsointroduced.SectionII B is devotedto
the symmetrypropertiesof the systemand to the basicex-
pansiontechniques.

A. Basic nematohydrodynamic equationsÐ
dimensionlessunits

The directordynamicsis determinedby

g1n3 nÇ5 n3 h, ~1!

whereg1 is an anisotropicviscosity,and the dot standsfor
the materialderivative] t1 v•“ . The molecular®eldh †Eq.
~3! of @25#‡containselasticcontributionsproportionalto the
splay,twist, andbendconstantsk11,k22, andk33, an electric
contribution proportional to the dielectric anisotropyea in
EC, and®nallyviscouscontributionshv . A convenientform
is

hv52 a 2 D• n2 a 3 n•D, ~2!

where D is the tensorgradientof velocity, D i j 5 ] v i /] x j .
Sincethe anisotropicviscosity a 2 is negativeand of much
larger absolutevalue than the anisotropicviscosity a 3 , the
mainterm} a 2 in Eq.~2! tendsto rotaten in sucha way that
the director-transversevelocity gradients n3 (D• n) are
minimized@29#.

The evolutionequationfor the velocity v reads

r mvÇ5 fvol2 “ p1 divs , ~3!

with r m the¯uid densityandp thepressure.Thestresstensor
s †Eq. ~7! of @25#‡containselasticcontributionsandviscous
contributions proportional to the anisotropic viscosities
a 1 , . . . ,a 6 . We will alsousethe Miesowiczviscositiesna
5 a 4/2, nb5 na1 (a 31 a 6)/2, andnc5 na1 (a 52 a 2)/2, and
refer to the correspondinḡow geometriesa,b, andc @1#.

DifferencesbetweenEC andATC comeinto play in the
expressionof thebulk force fvol in Eq. ~3! or equivalentlyin
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the natureof the scalar®eld which drives the convection
instability. In EC, it is the modulationf of the electricpo-
tential which determinesthe electric®eld

E5
A2Vapp

d
@cos~v t !zÃ2 d“ f #, ~4!

with Vapp theeffectiveappliedvoltageandd thethicknessof
thecell. Themodulationof theelectricpotentialis relatedto
the ionic chargedensity r e through the Maxwell equation
r e5 “• @e' E1 ea(n• E)n#, and its evolution is governedby
chargeconservation,

rÇe52 “• @s ' E1 s a~n• E!n#, ~5!

where s ' and s a are anisotropicconductivities.The bulk
force is then†right handsideof Eq. ~2.59! of @3#‡

fvol5 r eE1 ~P•“ !E, ~6!

i.e., the sum of the Coulombforce and of the ~purely non-
linear! ponderomotiveforce which implies the macroscopic
polarizationP. This latter term had never beensystemati-
cally includedin theoreticalstudiesof EC, but it hasturned
out to havevery little in¯uenceon thephenomenawe study.

In ATC, the relevantscalar®eld is the differenceu5 T
2 (T02 DTapp z/d) betweentheactualtemperatureT andthe
conductive pro®le, with T0 the mean temperature,and
DTapp/d the thermalgradientappliedbetweenthe lower and
upper platesof the convectioncell. The evolution of u is
governedby the heat-diffusionequation

uÇ5 “• @k' “ T1 k a~n•“ T!n#, ~7!

wherek' andk a areanisotropicthermaldiffusivities. Under
the standardBoussinesqapproximationthe bulk force reads

fvol52 r m@12 a~T2 T0! #g0 zÃ, ~8!

with a thethermalexpansioncoef®cient,g0 thegravitational
acceleration.

We assumeasusualthe incompressibilitycondition“• v
5 0 andintroducethe velocity potentialsf andg suchthat

vx5 ] x] zf 1 ] yg, v y5 ] y] zf 2 ] xg, vz52 ~] x
21 ] y

2! f .
~9!

Sincenx canbe eliminatedfrom the equationsby using the
normalizationcondition n25 1, the local statevector of the
¯uid is ®nally

V5 ~f ,ny ,nz , f ,g! in EC,

V5 ~u,ny ,nz , f ,g! in ATC. ~10!

The basicequations@Eqs.~5!, ~1!, and~3! for EC, Eqs.~7!,
~1! and~3! for ATC#takethe form

D• ] tV5 LR• V1 N2~V,V!1 N3~V,V,V!1 h.o.t., ~11!

whereD andLR are linear, N2 andN3 arenonlineardiffer-
ential operators,andh.o.t.denotes̀ `higher-orderterms.'' In
the following, we will, for example,refer to the ®rstline of
Eq. ~11! asthe f equation~in EC! andto the corresponding
nonlinearitiesasN2f ,N3f , etc.The main control parameter
R, with the dimensionlessunits of TableI, is given by

R5 SVapp

V0
D2

in EC, R5
ag0d3

nak' p 4
DTapp in ATC.

~12!

The appliedelectric ®eldreadsEapp5 A2R cosv t5 A2REac
in EC. Note that for not too thin layersthe largestcharacter-
istic time in EC is the director-diffusion time t DD @Table
I~a!#, followed by the charge-diffusiontime t CD5 e' /s ' ,
and the viscous-diffusiontime t VD5 2r md2/(a 4p 2). To al-
low a direct comparisonwith @15,25# we will display our
resultsasa function of v CD5 t CD v . Note that

TABLE I. ~a! Dimensionlessunits, from @7#, usedfor electroconvection~EC!. ~b! Dimensionlessunits,
from @23,29#, usedfor anisotropicthermoconvection~ATC!.

Quantity Scalingunit Interpretationof the scalingunit

~a!
Elasticconstant k05 102 12 N
Viscosity a 05 102 3 kg m2 1 s2 1

Dielectric constant e05 8.8543 102 12 F m2 1 permittivity of free space
Electric conductivity s 05 102 8(V m)2 1

Massdensity a 0
2/k05 106 kg m2 3

Length d/p inverseof typical roll wavenumber
Time t DD5 a 0d2/(k0p 2) typical vertical director-diffusion time
Electric potential V05 p Ak0 /e0 typical FreÂederickszthreshold

~b!
Elasticconstant k11 splayelasticconstant
Viscosity na5 a 4/2 isotropicviscosity
Heatconductivity k' conductivityperpendicularto the director
Length d/p inverseof typical roll wavenumber
Time t TD5 d2/(k' p 2) vertical thermal-diffusiontime
Temperature nak' p 3/(ag0d3)
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t DD

t CD
5 Q

s '8

e'8
, where Q5

a 0d2s 0

k0p 2e0

, ~13!

andthe primesdenotethe dimensionlessmaterialconstants.
In ATC the director-diffusiontime t DD5 g1d2/(k11p

2) also
exceedsby far the thermal-diffusiontime t TD @Table I~b!#
and the viscous-diffusiontime t VD , as measuredby the
~large! dimensionlessnumbers

F5
t DD

t TD
5

k' g1

k11
, Pr5

t TD

t VD
5

a 4

2r mk'
. ~14!

TableII displaysthematerialparametersusedfor thecal-
culations.We have focusedon standardnematicmaterials:
N55 Merck Phase5 at 30 oC with the parametersde®nedin
@15# for EC; 5CB at 27oC with the parametersin @8# for
ATC. In AppendixD, however,resultswill be given in EC
for anothercommonnematicmaterial,MBBA at 25oC, in-
troducedasMBBA I in @7#.

B. SymmetriesÐ expansiontechniques

We consideras usualthe idealizationof a nematiclayer
in®nitely extendedin the horizontal plane. The resulting
translationalinvarianceimplies that the full solutionsof Eq.
~11! can be written as a superpositionof horizontalFourier
modescharacterizedby their horizontal wavevector q5 qxÃ

1 pyÃ, e.g.,in ATC,

V5 (
q

„uq~z! ,ny
q~z! ,nz

q~z! , f q~z! ,gq~z!…ei q• r, ~15!

wherer5 xxÃ1 yyÃis the horizontalpositionin the layer.The
caseof EC is very similar, exceptthat u is replacedby f ,
andthat the ®eldsbecometime dependent.For a discussion
of the symmetrypropertiesof the EC equationswith respect
to transformationsof time, see@27#; as usualonly the lowest
nontrivial Fouriercomponentsin time arekept in this paper.
With respectto theverticaldependence~in z), all ®eldshave
to vanishat theboundariesz56 p /2 in our scaling.Usinga
standardGalerkintechnique@31#, u ~or f ),ny ,nz , andg are
expandedin a sine basis$Sn(z)5 sin@n(z1 p/2)#%. For the
vertical velocity potentialf, which must ful®ll f 5 ] zf 5 0 at
the boundaries,the Chandrasekharbasis $Cn(z)%@32# is

used.We keep at least the two leading vertical modesfor
each®eld in order to obtain a good numericalaccuracyof
typically 2% as comparedwith calculations with many
modes.On the other hand, by keeping only one vertical
modefor each®eldanalyticsemiquantitativeresults~with an
accuracyof typically 10%! can be obtained@33#. Therefore
our resultswill often be exempli®edunderthis ``one-mode
approximation'' which capturesthe essentialphysical fea-
tures.

Another global symmetryof the systemis the re¯ection
symmetryS:y° 2 y. The correspondingsymmetryof Eq.
~11! is

S:y° 2 y, ny° 2 ny , g° 2 g,

with theother®eldsunchanged, ~16!

or equivalentlyfor a Fouriermodein Eq. ~15!,

~uq,ny
q ,nz

q , f q,gq!ei q• r° ~uq,2 ny
q ,nz

q , f q,2 gq!ei q• S~r !,

where it should be noted that q• S(r )5 S(q)• r . Conse-
quently,thesolutionsV of Eq. ~11! canbeclassi®edaccord-
ing to their symmetry:if S(V)5 V, the symmetryS is not
broken;otherwiseV andS(V) aretwo degeneratevariantsof
the sameglobal state.

The re¯ection with respectto the midplaneof the layer,
z° 2 z, is also a global symmetry.Two types of Fourier
modesin Eq. ~15! can be distinguishedaccordingto their
transformationunderthis re¯ection: type 1 whenuq(z) @or
f q(z)],nz

q(z), f q(z) areeven,ny
q(z),gq(z) areodd;type2 in

theoppositecase.Introducingsym(a)56 1 accordingto the
type of the Fourier mode a5 (u,ny ,nz , f ,g)ei q• r, Eq. ~11!
havethe important``Boussinesq-like''symmetryproperty

sym@N2~a,b! #52 sym~a!sym~b! ,

sym@N3~a,b,c! #51 sym~a!sym~b!sym~c! . ~17!

TABLE II. ~a! Dimensionlessparametersfor thenematicsN5 andMBBA usedin EC ~seetext; notethat
we havealwaysassumedr m85 102 3). ~b! Dimensionlessparametersfor the nematic5CB usedin ATC ~see
text!.

~a!
k118 k228 k338 a 18 a 28 a 38 a 48 a 58 a 68 ei8 e'8 s i8 s '8

N5 9.8 4.6 11.4 2 39.0 2 109.3 1.5 56.3 82.9 2 24.9 5.106 5.29 7.48 4.4
MBBA 6.66 4.2 8.61 2 18.1 2 110.4 2 1.1 82.6 77.9 2 33.6 4.72 5.25 1.5 1

~b!
k118 k228 k338 a 18 a 28 a 38 a 48 a 58 a 68 k a8 F Pr

5CB 1 0.634 1.303 2 0.184 2 2.343 2 0.132 2 1.90 2 0.575 0.663 790 440
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III. ACTIVE MODE BASIS FOR THE EXTENDED WNL
ANALYSIS

WNL analysesin generalrely on a perturbativetreatment
of the nonlinearterms in the evolution Eq. ~11! for small
amplitudesof convection.Thusthey becomeasymptotically
exactin thelimit e! 0, but in practice,aswell asin our case,
semiquantitativeor qualitative results are often obtained
evenwhenthe amplitudesarenot in®nitesimal@21#. Within
this pertubativeapproachit is naturalto focusat ®rston the
linearizedevolutionequationsD] tV5 LRV, andto calculate
the corresponding eigenmodes as the solutions of
s DV5 LRV. The solutionsof the full problem~11! arethen
constructedas superpositionsof these linear eigenmodes.
Amongthose,thedynamicallyactivemodesarethemodesof
positivegrowthrates , andin additionthemodesof slightly
negativegrowthrates which arenonlinearlyexcitedby cou-
pling with themodesof s . 0 @36#. Theassociatedexpansion
coef®cientsare the ``amplitudes'' or ``order parameters.''
Their evolution equationswill be calculatedafter adiabatic
elimination of the remainingexpansioncoef®cientsassoci-

atedwith the dynamicallypassivemodesof negativegrowth
rate;see@21#or AppendixB. For planarnematicconvection,
the standardfamily of active modes consistsof the roll
modes,the propertiesof which are reviewedin Sec.III A.
However,in Sec.III B it is shownthat diffusion modesof
the directorhavealsoto be consideredasactive,evenquite
closeto the convectionthreshold.

A. Standard active mode basis: the roll modes

The®rststudiesof EC @4,7#andATC @5#haveshownthat
the modesdestabilizingthe quiescentsolution V5 0 of Eq.
~11! are roll modesof wave numberuqucloseto 1 ~i.e., of
half period. d in physicalunits! andof thez symmetrytype
1 . Theseroll modesarethe solutionsof

s ~q;R!DV1~q;R!5 LRV1~q;R! , ~18!

wheretheeigenvaluess (q;R) arealwaysreal in theabsence
of weak-electrolyteeffects@9#andcorrespondto the growth
rates.In the one-modeapproximationthe eigenvectorsread

V1~q;R!5 H„~fÄe2 i v t1 fÄ* ei v t!S1~z! ,nÄyS2~z! ,inÄzS1~z! , fÄC1~z! ,gÄS2~z!…ei q• r in EC,

„uÄS1~z! ,nÄyS2~z! ,inÄzS1~z! , fÄC1~z! ,gÄS2~z!…ei q• r in ATC,
~19!

SinceV in Eq. ~11! is real, V1(2 q;R)5 „V1(q;R)…* holds,
andonecanfocuson themodeswith q• xÃ> 0. Then,a phase
choicecanbemadesuchthatnÄz5 1, Re(fÄ), Im(fÄ), uÄand
fÄarepositive~real! numbers,andnÄy andgÄarerealnumbers.
The focusingmechanismsare the following ones~seealso
the linear equationsin Appendix A!. In EC, a splay-bend
director ¯uctuation ~®eld nz) excitesa chargeor potential
modulation ~®eld f ) via the charge-focusing term
2 s aQEac] xnz in the f equation~A1!; a mass̄ ow ~®eldf )
is inducedvia the Coulombforce ~A6!; this ¯ow reinforces
the initial director distortion via the viscous torque
1 ua 2u] xvz in the nz equation~A3!. In ATC, a splay-bend
distortion of the director leadsto a temperaturemodulation
~®eldu) via the heat-focusingterm 2 k aR] xnz in the heat
equation~A1!; a ¯ow is excitedby thebuoyancyforce~A7!;
this ¯ow reinforcestheinitial directordistortionexactlyasin
EC.

When the destabilizingforces overcomethe stabilizing
ones,i.e.,whenR exceedsRc , thegrowthrates (q;R) of the
so-calledcritical roll mode at q5 qc becomespositive. By
continuity,whenR. Rc , thereexistsa wave-vectorbandof
roll modesof positive growth rates,which can be, for e
5 R/Rc2 1 not too large,written as

s ~q;R! .
R2 R0~q!

t qRc
5

e2 e0~q!

t q
. ~20!

R0(q)@e0(q)# is the ~reduced! thresholdof the roll modeq
~̀`neutralsurface''!, andt q is a characteristictime.Notethat
e0(qc)5 0, and that t qc

is the characteristictime t of the

instability @34#. Thesymmetrypropertiesdiscussedin Sec.II
leadto thedistinctionbetweentwo typesof roll modes@35#:
thenormalrolls, of wavevectorq parallelto xÃ, whereS ~16!
is not broken, consequentlyny5 g5 0: normal rolls are
purely two-dimensionalmodes; and the oblique rolls, of
wave vector q5 qxÃ1 pyÃ with qpÞ 0, where S is broken.
Consequentlytwo variants exist: the ``zigs'' with q,p. 0
and the ``zags'' with q. 0,p, 0. Thesemodesare threedi-
mensionalsinceny andg arenonzero~neverthelessthe ver-
tical averagesof ny andg vanish!.

In ATC onehascritical normalrolls @23#. In EC,at low v
one®ndscritical obliquerolls, whereasfor v largerthanthe
Lifshitz frequencyv L5 0.8t CD

2 1 the critical modesareof the
normal-roll type. At large v , but still below the crossover
frequency to the dielectric regime (v D5 4.0t CD

2 1), the
charge-focusingmechanismbecomesless ef®cient.Conse-
quently, the convectiononly setsin with narrowerrolls (qc
increaseswith v ), whereall gradientsincreasefor compen-
sation,andat highervoltages(Rc increaseswith v ). In this
``high-energy'' limit wherealso the dielectric torquestabi-
lizing the planarcon®gurationgetsvery large, the damping
constant1/t of the ``forced'' roll modeis very large.

B. The director modes

At ®xedq, in addition to the roll modesV1(q;R) ~19!,
there exists an in®nite number of linear eigenmodes
Vm(q;R) with discreteeigenvaluess m(q;R). For R closeto
Rc , the correspondinggrowth ratesRe„s m(q;R)…arenega-
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tive for all m and q and typically maximal in the homoge-
neouscaseq5 0 @37#. In our regimewherethe dampingof
the director ®eldis by far the weakest,the small valuesof
uRe„s m(0;R)…uareassociatedwith directormodes.They are
determinedby the linear diffusion equationsfor ny and nz
with ] x5 ] y5 0 ~then n does not couple with the other
®elds!:

g1] tny5 k22] z
2ny , g1] tnz5 ~k11] z

21 eaR!nz ~21!

for EC @see,e.g.,Eq.~A3!#. Theequationsfor ATC aresimi-
lar exceptfor theabsenceof thedielectrictorque(} ea). The
system~21! admitstwo familiesof lineareigenmodes:theny

modes ny5 Sm(z),nz5 0, and the nz modes ny5 0,nz
5 Sm(z). We call the modesof largestgrowth rate @for m
5 1, i.e., with anevencosinepro®leS1(z)5 cos(z)] the twist
modeandthe splaymode,respectively.For the twist mode

VT5 „0,S1~z! ,0,0,0…, ~22!

with the notations~10!, one®nds,e.g.,the growth rate

s T52
k22

g1
in EC, s T52

k22

F
in ATC. ~23!

Theratio of s T to thegrowthrateof thecritical roll modeis

s T

s ~qc ;e!
5 t s Te2 1. 5

2
k22

k33qc
21 k22pc

21 k112 eaRc

e2 1 in EC

2
k22

k33qc
21 k22pc

21 k11

e2 1 in ATC,

~24!

where simple approximationsof the characteristictimes t
havebeenused@seeFig. 1~a! for a comparisonwith rigorous
calculationsin EC#. Theorderof magnitudeof theratio ~24!
is 2 k22/(k331 k11)e

2 1. 2 0.25e2 1: it is very negativeonly
for very small e. The twist mode should thereforebe in-
cludedin theactivemodebasis.Indeed,we will showin Sec.
IV that its slow lineardampingcanbecompensatedeitherat
quadraticorder@termN2(V,V) in Eq. ~11!#or at cubicorder
@term N3(V,V,V) in Eq. ~11!# by a coupling with two roll
modes. On the other hand, the splay mode VS
5 „0,0,S1(z),0,0…, which has a growth rate of the same
magnitudeas s T , can only be excited at cubic order for
symmetryreasons@38#. We havecheckedthat the excitation
of VS alwaysoccursfar abovethethresholdeAR of excitation
of VT ~Sec.IV!. Thereforethesplaymodewill not bekept in
the activemodebasishere.Note that the quasihomogeneous
twist modeswith long-wavelengthvariationsof small wave
vector q play no role for perfect roll or bimodal structures
and have only to be consideredin the caseof modulated
structures~Sec.V!.

IV. NONLINEAR ROLL SOLUTIONS

The inclusionof the twist modein the activemodebasis
lifts the simple symmetry rules which exclude quadratic

resonanttermsin thestandardamplitudeequations.Thusthe
treatmentof the quadraticnonlinearitiesrequiressomecare;
for this reasona generalextendedWNL schemeis intro-
ducedin AppendixB. In Sec.IV A this schemeis appliedto
calculatethe amplitudeequationswhich couple the ampli-
tudeA of a roll modeto the amplitudew of the twist mode
@Eq. ~29!#. In Sec.IV B the abnormal-rollsolutionsof these
equationsare studied,and in Sec.IV C the oblique-roll so-
lutions arestudied.The nonlinearitiescontrolling the values
of all thecoef®cientsintroducedin Sec.IV A aregiven.This
allows one to give a precisephysical interpretationof the
mechanismsinvolvedandto introducein Sec.IV D a general
principle to interpretthe roll-twist interactions.

A. Calculation of the roll-twist amplitude equations

We apply the schemeof AppendixB to roll structuresof
®xedwavevectorq. Only two activemodeshaveto becon-
sidered:the roll mode V1(q) ~19! and the twist mode VT
~22!. According to Eqs. ~B8! and ~B12!, the corresponding
WNL solutionassumesthe form

V5 VA1 V' 5 @AV1~q!1 c.c.#1 wVT1 V' , ~25!

wherethe passivepart reads

FIG. 1. In EC ~for N5!, as a function of the
dimensionlessfrequencyv CD5 t CDv : ~a! solid
line: growth rate s T of the homogeneoustwist
mode, in units of the normal-roll characteristic
time t q at q5 qcxÃ. Dottedline: analyticapproxi-
mation~24!. ~b! Saturationcoef®cientgq ~30! of
the normalrolls.
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V' 52 L2 1@N2~VA ,VA !2 ^U1~q! ,N2~VA ,VA !&DV1~q!

2 ^U1~2 q! ,N2~VA ,VA !&DV1~2 q!

2 ^UT ,N2~VA ,VA !&DVT#.

U1(q) andUT arethe adjoint roll andtwist modes@seeEq.
~B3!#. Introducingthe coef®cients

b 2~q!5 ^U1~q! ,N2„V1~q!uVT…&,

g~q!52 ^UT ,N2„V1~q!uV1~2 q!…&, ~26!

oneobtains

V' 5 uAu2 V2~q,2 q!1 @A2 V2~q,q!1 c.c.#

1 w @AV2~q,T!1 c.c.#, ~27!

where

V2~q,2 q!52 L2 1@N2„V1~q!uV1~2 q!…1 g~q!D• VT#,

V2~q,q!52 L2 1N2„V1~q! ,V1~q!…,

V2~q,T!52 L2 1@N2„V1~q!uVT…2 b 2~q!D• V1~q! #.
~28!

By projecting Eq. ~11! onto U1(q) and UT @seealso Eq.
~B13!#, onearrivesat our ®rstsetof coupledamplitudeequa-
tions

] tA5 Se2 e0~q!

t q
2 gquAu21 b 2~q!w2 b 3~q!w2DA,

~29a!

] tw5 @s T2 gww21 G~q!uAu2#w2 g~q!uAu2, ~29b!

whereadditionalcoef®cientshavebeende®ned:

gq52 ^U1~q! ,N2„V1~q!uV2~q,2 q!…

1 N2„V1~2 q!uV2~q,q!…1 N3„V1~q!uV1~q!uV1~2 q!…&,

~30!

b 3~q!52 ^U1~q! ,N2„VTuV2~q,T!…1 N3„VTuVTuV1~q!…&,
~31!

gw52 ^UT ,N3~VTuVTuVT!&5
us Tu

8
, ~32!

G~q!5 G2~q!1 G3~q! , with

G2~q!5 ^UT ,N2„V1~q!uV2~2 q,T!…

1 N2„V1~2 q!uV2~q,T!…&,

G3~q!5 ^UT ,N3„V1~q!uV1~2 q!uVT…&. ~33!

Note that for w5 0, Eq. ~29a! reducesto the well-known
Landauequationfor theroll amplitudeA, describinga super-
critical bifurcation sincegq. 0. We havenot scaledout t q
and gq as usual, in order to clearly separatethe linear and
nonlineareffectscontrolling the valueof A.

B. Rolls with a normal wave vector

Theamplitudeequations~29! mustbe invariantunderthe
globalsymmetryS ~16!, which transformsq into S(q) andw
into 2 w. Thereforethe coef®cientsb 2(q) andg(q) vanish
for rolls with a normal wave vector q5 qxÃ such that q
5 S(q). After eliminationof uAu2 in Eq. ~29a! andinsertion
into ~29b!, onehasto solve

@s T2 gww21 G~q!uA~q;e;w!u2#w5 0 ~34!

for the stationarysolutions.Clearly the branchw5 0 corre-
spondsto the standardnormal-roll solutions,

uAu5 Ae2 e0~q!

t qgq
, w5 0. ~35!

The effect of the coef®cientG(q) in Eq. ~29b!, which turns
out to be alwayspositive, is to enhancea ¯uctuation of w
aboutthe normal-roll solution~35!. Indeed,two rootsof the
cubic equationin w ~34!, which were complexat small e,
becomereal whene getslarger than

eAR~q!5 e0~q!1 eAR8 ~q! , where eAR8 ~q!5 ut qs Tu
gq

G~q!
.

~36!

At this point a bifurcation from normal (qi xÃ,w5 0) to ab-
normal rolls (qi xÃ,wÞ 0) occurs, which correspondsto
breakingthe symmetryS ~16! without tilting the rolls ~see
@15# for an identi®cationof this instability in EC!. We will
now study the coef®cientsdeterminingthe thresholdof this
bifurcationandthe ensuingsaturationof the twist amplitude
w; if not otherwisestated,we will considerrolls at q5 qc .

1. Thresholdof the abnormal-roll bifurcation

Theabnormal-rollthresholdeAR(q) ~36! is controlledlin-
early by the growth rates T of the twist modein t q

2 1 units,
nonlinearly by the saturationfactor gq in the A equation
~29a!, andby thecouplingcoef®cientG(q) in thew equation
~29b!.

In EC, thelineareffectstendto favor theabnormalrolls at
high v , whereut s Tubecomesvery small @Fig. 1~a!#. This
indicatesthat the rotation of the director in the horizontal
planebecomesrelativelyeasierat high v , as comparedwith
theexcitationof thesplay-bendnz modeassociatedwith the
roll modes@cf. Eq. ~24! for t s T5 es T /s (q;e), andthe dis-
cussionin Sec.III A#.

The®rstimportantnonlineareffect is thesaturationof the
amplitudeexpressedby the coef®cientgq . This has been
®rst studiedsystematicallyfor ATC @29#. In EC, the most
important saturating~positive! contributions are ~P1! the
contributions of N3f „V1(q)uV1(q)uV1(2 q)… due to
1
2 s aQEac] xnz

3 , which indicatethat the chargefocusingbe-
comesless ef®cientwith increasingnz @comparewith the
linear term2 s aQEac] xnz of Eq. ~A1!, quotedin Sec.III A,
and note the oppositesign#; and ~P2! the contributionsof
N3nz

„V1(q)uV1(q)uV1(2 q)…dueto a 2(] xvz)nz
2 , which indi-

cate that the shearexertedon the director by the vertical
¯ows diminisheswhenthedirectorrotatesupwards@compare
with the linear term 2 a 2] xvz in Eq. ~A3!#. Both ~P1! and
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~P2! aregeneratedby the quadraticcorrectionsto nx dueto
thedistortionof thedirector®eldaboveonsetof convection,
i.e., by inserting in the equationsnx5 12 1

2 (ny
21 nz

2) from
thedirector-normalizationconditionn25 1. We thereforecall
~P1! and~P2! ``geometricalcorrections'' to thequotedlinear
terms,wherenx5 1 is taken.Thedependenceon qc(v ) ~cor-
respondingto horizontalgradients! of thecontributions~P1!,
togetherwith the fact that ufÄ/nÄzu in the linear mode ~19!
decreasesstrongly with v , lead to a strongincreaseof the
contributions~P1! to gq whenv increases.The dependence
on qc(v ) of the contributions~P2! rendersthemalsomuch
larger when v increases.The most importantantisaturating
~negative! contributions are ~N1! the contributions of
N3nz

„V1(q)uV1(q)uV1(2 q)…dueto a 2(] zvx)nz
2 , which indi-

catethatwhenthedirectortilts upwards,it becomessensitive
to the horizontal ¯ows which tilt the director further as do
the vertical ¯ows at linear order; ~N2! the contributionsof
N3nz

„V1(q)uV1(q)uV1(2 q)…due to 2 1
2 ea(Eapp)

2nz
3 , which

signify that the stabilizingdielectrictorque@seeEq. ~A4!# is
reducedwith increasingnz ; and ~N3! the contributionsof
N3f„V1(q)uV1(q)uV1(2 q)…dueto the sourceterm (a 11 a 2
1 a 3)] x@(] xvz)nz

2# in the evolution equationfor vz . This
indicatesa decreaseof theeffectiveviscosityfor thevertical
¯ows in the rolls, since with increasing nz the highest
Miesowicz viscosity geometryc is gradually left for these
¯ows. The negativecontributions~N1!, ~N2!, ~N3! increase
lessstronglywith v thanthesaturatingones~P1!, ~P2!. Con-
sequentlygq increaseswith v @Fig. 1~b!#. Note that all the
effectscontrolling the value of gq in EC exist also in ATC
@29#, providedthat thechargefocusingin ~P1! is replacedby
the heat focusing~seeSec.4.2 of @29#! or that the electric
®eldin ~N2! is replacedby a planarmagnetic®eld~this was
predictedto leadto a subcriticalbifurcationin ATC in @23#!.

The nonlinearcoef®cientdirectly responsiblefor the bi-
furcation ~36! towards abnormal rolls is G(q)5 G2(q)
1 G3(q) ~33!. In Appendix C we give an analytic approxi-
mation of G(q) within the one-modeapproximation.The
contribution G3(q) of the cubic nonlinearitiesindicatesa
renormalizationof the dampingof the twist modeby a cou-
pling to the roll modes.It is dominatedby the contributions
of a 2(] zvx)nzny in N3ny

„V1(q)uV1(2 q)uVT…. The corre-
sponding mechanismcan be interpretedaccording to the
principle that the director tends to rotate away from the

velocity gradientsand thereforeout of the (x,z) planedue
to the a 2 term in Eq. ~2!. There exists also a second-
ary mechanismof elastic origin, due to the term 2(k33
2 k22)(] xnz)

2ny , which correspondsto a releaseof bendby
twist. Sincethe bendenergyis proportionalto qc

2(v ), this
mechanismis only ef®cientin EC for the narrow rolls ~of
largeqc) at high frequencyv ~AppendixC!. The contribu-
tion G2(q) ~33! of the quadraticnonlinearitiesindicatesan
indirect renormalizationof the dampingof w, which occurs
through the ~possible! excitation of the quadratic mode
V2(q,T). In EC, G2(q) becomeslargeonly at high v @Fig.
2~a!#; in ATC, G2(q) is always one order of magnitude
smaller than G3(q). The correspondingmechanismsare
studiedin AppendixC.

In EC, the increaseof G(q) with v @Fig. 2~a!#, favorable
to the abnormalrolls @seeEq. ~36!#, is roughly compensated
by theincreaseof gq with v @Fig. 1~b!#. Thusthedecreaseof
the linear growth rate ut s Tu @Fig. 1~a!# appearsto be the
main causefor the decreaseof the abnormal-rollthreshold
eAR8 (q) ~36! with increasingv @Fig. 2~b!#. The values of
eAR8 (q) ~36! matchthoseof the fully nonlinearcalculations
@15# at high frequency. At low frequency, discrepancies
show up which are due to nonlineareffectsof higher order
not includedin Eq. ~29!. Their in¯uence grows in the limit
v ! 0, sincetherethebifurcationto abnormalrolls occursat
increasingly higher e and A. In ATC, we ®nd eAR(q)
5 0.11,a valuelargerthaneZZ ~Sec.V!. This agreeswith the
experiments,wherethe normal rolls at small e are ®rstde-
stabilizedby zig-zagmodulations@14#.

2. Saturation of the abnormal-roll bifurcation

Thesaturationof thedirectorrotation(wÞ 0) in abnormal
rolls appearsto be indirect: it is not controlledby the clas-
sical saturatingterm 2 gww3 in the w equation~29b!, but
ratherby the coupling term 2 b 3(q)w2A in the A equation
~29a!. Indeed,the abnormal-rollsolutionsof Eq. ~29! read,
for e. eAR(q),

uAu5 aqA 1

11 bq
eAR~q!1

bq

11 bq
e2 e0~q! ,

w56 A 1

11 bq

e2 eAR~q!

t qb 3~q!
, ~37!

FIG. 2. In EC, for rolls with wavevectorq5 qc(v )xÃ: ~a! nonlinearinteractioncoef®cientG(q) ~thick line! betweenthe roll andtwist
modes@cf. Eqs.~29b!, ~33!#. The contributionsG2(q) ~thin line! andG3(q) ~dottedline! of the quadraticandcubic nonlinearitiesin the ny

equationareshown.~b! Reducedabnormal-rollthresholdeAR8 (q) obtainedfrom theextendedWNL expression~36! ~thick line! or from the
numericalcomputations@15# ~thin line!. The normal-roll thresholde0(q), only slightly positive for frequenciessmaller than the Lifshitz
frequencyv L5 0.8t CD

2 1 , is shownwith the dottedcurve.
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with aq5 1/At qgq,bq5 gqgw /@b 3(q)G(q)#. This latter coef-
®cient is always small, for instance,in EC bq5 0.077 at
v CD5 0.5 and bq5 0.0015 at v CD5 4, while in ATC, bq
5 0.034.Thus,to lowestorder in bq , the amplitudeA stays
constantfor e. eAR , andthesaturationof w is clearlydueto
the b 3 effect. For q nearqc ,b 3(q) is alwayspositive, indi-
cating a negativefeedbackw! A in Eq. ~29b!. In EC and
ATC, two leadingcontributionsof N3„VT ,VT ,V1(q)…domi-
nateall theotheronesin b 3(q). Oneleadingcontributionis
due to 1

2 s aQEapp] x(ny
2nz) from N3f „VT ,VT ,V1(q)…in EC

and 1
2 k aR] x(ny

2nz) from N3u„VT ,VT ,V1(q)…in ATC. These
termsaregeometricalcorrections@analogousin principle to
the term ~P1! of Sec. IV B 1# to the focusing-mechanism
termsin Eqs.~A1! and~A2! for thescalar®eld.Theseterms
indicatethata directorrotationawayfrom theroll wavevec-
tor (ny large! diminishesthe chargeandheatfocusing.The
seconddominantcontributionto b 3(q) ~31! is, both in EC
and ATC, due to the term 2 ua 2uny

2(] xvz) from
N3nz

„VT ,VT ,V1(q)…. It is a correctionto the linear torque
ua 2u] xvz in the nz equation~A3!, which indicatesthat when
the director rotates,the shearinducingof the nz modulation
also becomesless ef®cient. In EC, b 3(q) drastically in-
creaseswith the frequency:b 35 0.036 at v . 0, while b 3
5 2.99at v CD5 4. This is mainly dueto the fact that the roll
modesat high frequencybecomemoresensitiveto thef and
nz effects mentionedabove.Typical amplitudesnz(e) and
w(e) of the nz and ny distortions given in abnormal-roll
solutionsby

nz52 nz~e!S1~z!sinq• r1 h.o.t.

52 2A~e!S1~z!sinq• r1 h.o.t.,

ny5 w~e!S1~z!1 h.o.t., ~38!

accordingto Eqs.~25!, ~19!, and~22!, areshownfor EC atan
intermediatefrequencyin Fig. 3. Note that w determinesto
lowestorderthein-planedirectorat themidplaneof thelayer
sincethere@39#

n5 xÃA12 ny
22 nz

21 yÃny1 zÃnz5 n01 zÃnz1 h.o.t.,

with n05 xÃ1 yÃw. ~39!

Note alsothat the order-parameterschemeup to cubic order
breaksdown if nz or w becomeslarger than 1. The ampli-
tudesnz(e)5 2A(e) andw(e) ~37! matchthenumericalpre-
dictionsof @15#only for e not too large,suchase& 0.2 in the
exampleof Fig. 3. At highere, the valuesof w(e) ~37! get
systematicallymuchlargerthanthosegivenby thefully non-
linear Galerkincomputations.Indeed,the saturationof w in
Eq. ~29! is very weak;i.e., in thefull equations,higher-order
effectsnot included in the order-parameterapproachcome
into play at thesehigh e, high w values.The deviations
becomemore importantat low v in EC, whereb 3 is very
small and thusw(e) ~37! reaches1 for rathersmall e, e.g.,
for e. 0.15at v . 0.

Thereexist specialcaseswhereb 3(q) canbecomenega-
tive, i.e., the abnormal-rollbifurcation doesnot saturatein
the frameworkof Eqs.~29! @40#. This occursin EC at low
frequencyfor q largerthanqc , e.g.,q. 1.20qc at v CD5 1, or
in ATC for q. 1.45qc . The important negative term in
b 3(q), which counteractsthe effect of the positive terms
discussed here above, is a contribution of
N3nz

„VT ,VT ,V1(q)…due to 1
2 (2k222 3k33)ny

2] x
2nz . It signi-

®esa reinforcementof elasticorigin of the nz distortion in
rolls when the director rotatestowards6 yÃ. Such``narrow
abnormalrolls'' are neverthelessobtainedin the Galerkin
computations,where apparentlyhigher-orderterms not in-
cludedin Eq. ~29! becomeimportant.

C. Oblique rolls

In the caseof zigs of wave vector q5 qxÃ1 pyÃ with q,p
. 0, thecoef®cientsg(q) andb 2(q) in Eq.~29! arenonzero.
The symmetry rule ~16! now only imposesthat g(q) and
b 2(q) changesign when passingfrom the zig q to the zag
S(q)5 qxÃ2 pyÃ. The correspondingstationarysolutions of
Eq. ~29! can still be calculatedby elimination of A and so-
lution of a cubic equationin w, but the expressionsbecome
quite lengthy.The result is the existenceof a ``generalized
abnormal-rollthreshold'' eAR(q), which reducesto Eq. ~36!
for p5 0, and which increaseswith increasingupu. For e
, eAR(q) only oneroot is real, i.e., only onesolutionbranch
exists;whereasfor e. eAR(q) all thethreerootsarereal,i.e.,
two additionalsolutionbranchesappear.Sincethenewsolu-
tions,which onemight call ``anomalous''obliquerolls @41#,
are typically unstableagainstlong-wavelengthperturbations
~exceptundercertainconditionsat ratherlarge e, see,e.g.,
@15#!, we will discusshere only the structureof the ®rst,
moststablesolutions.Theyarewell approximatedat smalle
by thestandardWNL solutions,wherethecubiceffectsin w
areneglected,i.e., b 3 ,gw ,G5 0 in Eq. ~29!. One®nds,with
cq5 b 2(q)g(q)/(gqus Tu),

uAu5 aq Ae2 e0~q!

11 cq
, w52

g~q!

us Tu
uAu2. ~40!

In zigs(p. 0), dueto the``torque'' 2 g(q)uAu2 in thew Eq.
~29b!, where g(q) is always positive, the director rotates

FIG. 3. Director amplitudesnz(e) ~thin line! andny(e)5 w(e)
~solid line! for EC in roll solutions at q5 qcxÃ,v CD5 3 @see Eq.
~38!#. The normal roll ~NR! branchnz(e); Ae,w(e)5 0 becomes
unstableat e5 eAR with respectto thetwist mode.In thesubsequent
abnormalrolls ~AR!, nz(e) remainsroughlyconstant,whereasw(e)
increasesasAe2 eAR @seeEq. ~37!#. The openand closedcircles
showthe numericalresults@15#for nz(e) andw(e), respectively.
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(w, 0) towards the direction of the axis of the rolls or,
equivalently,awayfrom the wavevector (pw, 0). This ef-
fect has beenin fact pointed out in @26,29# for ATC. The
quadraticnonlinearitiesof the ny equationwhich control the
value of g(q) ~26! are the advectionterm 2 g1vz] zny , the
a 2 termsa 2(] xvx

f )ny andua 2u(] zv y
f )nz @thesuperscriptf de-

noting the velocity componentsgeneratedby the potentialf,
seeEq. ~9!#, and the elastic term ~only important in EC!
2 (k111 k332 2k22)(] xnz)(] ynz). Sincethe a 2 contributions
are in generaldominant,this torqueexertedby the rolls on
the director can also be understoodfrom the principle that
the director tendsto avoid the velocity gradients.The satu-
rationof theroll amplitudein Eq.~40! is clearlyenhancedby
theb 2 effect@cf. cq} b 2(q)] . Indeed,sinceb 2(q) is positive
for all zigs at q. qc in the normal-roll regime~usualcasein
ATC, casev . v L in EC!, the1 b 2(q)wA term in Eq. ~29a!
indicatesthat the rotationof the directortowards2 yÃin zigs
(w, 0) inducesa negativefeedbackon A ~as doesalso the
b 3 term, but at a higher order!. We ®ndthat b 2(q) ~26! is
dominatedby two contributionsof N2„VT ,V1(q)…. The ®rst
onecomesfrom the term 2 s aQEapp] y(nynz) in the electric
potentialequationin EC and from the term 2 k aR] y(nynz)
in theheatequationin ATC. Theseconddominantcontribu-
tion arisesboth in EC andATC from the termua 2uny(] yvz)
in the nz equation.Thesetermsarecorrectionsto the linear
focusingterm @seeEqs. ~A1! and ~A2!# and to the viscous
torquein the nz equation~A3!. They also signify that a di-
rector rotation away from the direction of the wave vector
(pny, 0) reducestheef®ciencyof the focusingmechanisms
of convection(A diminishes!.

The simple expressionsEq. ~40! of the standardWNL
oblique-rollsolutionsareof coursemodi®edby theinclusion
of the effectsof b 3 ,gw , andG in Eq. ~29!. The corrections
readat small e

duAu52 aq
3g~q!@b 2~q!G~q!1 b 3~q!g~q! #

2~11 cq! 5/2us Tu2gq

@e2 e0~q! #3/2,

dw5
g~q!

us Tu2
b 3~q!g2~q! /gqus Tu2 G~q!

11 cq
uAu4. ~41!

Becauseof theG andb 3 effects,duAu, 0: theroll amplitude
is alwaysstronglyreduceddueto the in-planedirectorrota-
tion, asshownin Fig. 4 for ATC. The full solutionsof Eq.
~29! havebeencalculatedfor a representativeexperimental
oblique-roll wave vector q5 1.07qc(xÃcos8É1 yÃsin8É)@14#.

Theamplitudesplottedin Fig. 4 arestill de®nedaccordingto
Eq. ~38!; in fact in oblique rolls there is also a periodic
contributionof theroll mode~19! to ny , but this contribution
} A(e)nÄy is dominatedby the contribution } w(e) even at
very small e values,e.g.,for e* 0.04 in the exampleof Fig.
4. The strong deviation from the standard WNL law
nz(e),A(e)} Ae2 e0(q) ~40!, hasbeenobservedexperimen-
tally @20# ~seeFig. 9athere!, andconstitutesanexperimental
con®rmationof our analysisfor ATC. The correctionto the
WNL solution~40! for w,dw ~41!, is usuallynegative~asin
Fig. 4! sincegqus TuG(q). b 3(q)g2(q). Providedthe reduc-
tion of A dueto the b 3 term is not too strong,the angleuwu
increasesbecauseof the G effect. It is only when b 3 gets
very large, for instance,for the oblique rolls at qc in EC at
very low frequency,that thew correctionscanbecomeposi-
tive: thereductionof A is thensostrongthat theangleof the
in-plane rotation is diminished. Note that the range of e
wherethe standardWNL solutions~40! remaina good ap-
proximation typically extendswith increasingp. The con-
tinuous transformationfrom a quasilinearlaw w(e)} 2 @e
2 e0(q)# at large p @cf. Eq. ~40!# to the squareroot law
w(e)} 2 Ae2 eAR at p5 0 @cf. Eq.~37!#is visible in Fig. 2 of
@15#. Thusthe zig solutionsp. 0,w, 0 arecontinuouslyat-
tachedto the abnormal-rollsolutionswith w, 0 in Eq. ~37!.
It appearsthereforejusti®edto introduceas a generalized
de®nitionof ``zigs'' the criterion w, 0, with which both the
obliquerolls with p. 0,w, 0 andthe abnormalrolls with p
5 0,w, 0 are consideredto belongto the sameclassof so-
lutions.

In somespecialcasesb 2(q) canbecomenegativein zigs
for p. 0, i.e., thein-planedirectorrotationreinforcestheroll
amplitudeto lowestorder@cq becomesnegativein Eq.~40!#.
This occurs ®rst in the oblique-roll regime in EC for v
, v L . Then, at q5 qc ,b 2(q) is slightly negativefor 0, p
& pc and becomespositive for p* pc . The importantnega-
tive termin b 2(q), which counteractsthepositivetermsdis-
cussedabove, is a contribution of N2nz

„V1(q),VT…due to
2(k332 k22)] x(] ynz)ny . It implies an elastic reinforcement
of the nz distortionin zigs whenthe directorrotatestowards
2 yÃ. This term leadsalso,at ®xedp, to a decreaseof b 2(q)
with increasingq. Thus in EC and ATC in the normal-roll
range,b 2(q) canbecomenegativeat ®xedp for q largerthan
qc ~e.g., at p5 0.05qc , for q. 1.19qc in ATC, for q
. 1.04qc in EC at v CD5 1).

D. Interpretation: director ±wave-vector frustration

The amplitudeequations~29! display, in the most com-
mon normal-roll regime~when qc5 qcxÃ, and q5 qxÃ1 pyÃ is

FIG. 4. In ATC ~for 5CB!,
comparisonbetweenresultsof the
standardWNL theoryandthe ex-
tended WNL theory @i.e., G,b 3

Þ 0 in Eq. ~29!# for the amplitude
of nz ~left! andof the twist mode
~right! in an oblique-roll solution
of Eq. ~29!. The linear threshold
e0(q)5 0.013 is markedwith the
crosses.Note the increasingde-
viations from the WNL resultsA
} Ae2 e0(q),w} @e2 e0(q)#.
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not too far from qc), the competitionbetweentwo opposite
tendencies.On the onehand,the roll dynamicsEq. ~29a! is
controlled in this regime by the fact that b 2(q)p
. 0, b 3(q). 0, thesecoef®cientsbeing dominatedby non-
linearcorrectionsto the linear focusingmechanismterms~in
the loosesense,i.e., including all the termscontributingto
the instability loop quoted in Sec. III A, in particular, the
viscoustorquein the nz equation!. Theseb 2 and b 3 terms
changethe linear growth rateof the roll modes~20! into an
effective~̀`nonlinear''! growth rate

s eff~q;e!5
e2 e0~q!

t q
1 b 2~q!w2 b 3~q!w2.

This effective growth rate is maximal for w5 wopt(q)
5 b 2(q)/@2b 3(q)#. Sincewopt(q) is typically between0 and
p/q, this meansthat~M1! thefocusingmechanismsaremore
ef®cientwhenthe roll wavevectoris roughly parallel to the
director.On the otherhand,the dynamicsof the twist mode
Eq. ~29b! is controlled in this regime by the fact that
g(q)p. 0,G(q). 0. Thesecoef®cientsaredominatedby the
a 2 contributionssignifying the tendencyof the director to
rotate due to the viscous torquesaway from the velocity
gradientsand thereforeaway from the wave vector of the
rolls. Theg andG termsthusindicatethat~M2! thedirector
is pushedby the rolls away from their wave vector. The
competitionbetween~M1! and~M2! resultsin a ``director±
wave vector frustration.'' A ®rstmanifestationof this frus-
tration is the bifurcation from the normal to the abnormal
rolls, in which the rolls almost ``destroy'' themselves:in
abnormalrolls the director rotation is clearly due to ~M2!,
and the subsequent saturation of the roll amplitude
(uAu; constfor e. eAR) dueto ~M1!. We will seein therest
of the paperthat this frustrationhasother importantconse-
quences.

V. LONG-WAVELENGTH ZIG-ZAG INSTABILITY
OF ROLLS WITH A NORMAL WAVE VECTOR

In EC for frequencieslarger than the Lifshitz frequency
v L , or in ATC for usualnematics,one®ndsnearonsetnor-
mal rolls at q5 qc5 qcxÃ. Accordingto Sec.IV, thesenormal
rolls can undergoa secondarybifurcation to abnormalrolls
at rathersmall e5 eAR . However,anotherpossiblesecond-
ary bifurcation is the long-wavelengthzig-zag instability,
whereundulationsalongthe roll axis areampli®ed.This in-
stability is a generic featureof planar nematicconvection
@27#, which thuscompeteswith the abnormal-rollinstability
~cf. Fig. 3 of @15#!. On thebasisof a WNL analysisin EC, a
®rstmechanismhasbeenidenti®edfor the zig-zaginstabil-
ity, which relies on the coupling with the so-calledmean-
¯ow modes@25#. Thesearepassivemodesthatareexcitedby
roll undulations,but since their adiabaticelimination can
lead to nonanalyticities,a separateequation@analogousin
principleto Eq.~B11!#hasto bekeptfor them.Nevertheless,
strong discrepancieshave remainedbetweenthe resultsof
the standardWNL analysisas exposedin @25,23# and the
Galerkin computationsor the experiments.Typically, the
standardWNL thresholdsfor the long-wavelengthinstabili-
ties are much too large as was notedin @27# for EC and in
@14# for ATC. In this sectionwe want to show that these

discrepanciescan be resolvedby taking into accountaddi-
tional cubic nonlinearities@Eq. ~46!#, which couplethe twist
modeandtwo roll modes.Thesetermsareconsideredto be
of higherorderin thestandardWNL approach.We will also
analyzein detail themicroscopicmechanismscontrollingthe
zig-zag instability and the subsequentrestabilizationof the
abnormalrolls in EC.

A. Roll-twist-mean-¯ow amplitude equations

To describelong-wavelengthinstabilities,the schemein-
troducedin Sec.IV A hasto be generalizedin order to cal-
culate modulated-rollsolutions.The schememust also be
combinedwith the methodexplainedin @25# to extract the
~possibly! singularmean¯ow. One startswith a superposi-
tion of roll modes~19!

Vrolls5 E
V~qc!

dq A~q!V1~q!1 c.c.. A~r !V1~qc!1 c.c.,

~42!

whereV(qc) is a domaincenteredaroundqc , andtheslowly
varying envelope

A~r !5 E
V~qc!

dq A~q!ei~q2 qc! • r ~43!

hasbeenintroduced.
The long-wavelengthpart VLW of the solutionis thende-

®nedto lowestorderby

D] tVLW2 LVLW5 I 2

5 E
V~0!

dsE
V~qc!

dq A~q!

3 A~2 q1 s!N2„V1~q!uV1~2 q1 s!….

~44!

The velocity ®eldin Eq. ~44! can be treatedwith the tech-
nique introducedin @25#. One solves for a modi®edright
hand side where only the source term in the g ®eld is
retained and projected onto the Hagen-Poisseullepro-
®le P1(z)5 1

2 (p 2/42 z2) according to I 2g! Î 2g&5 (6/
p 2)^P1(z),I 2g(s;z)&; this givesthe mean-¯ow contribution.
We also isolate the twist amplitudew as the amplitudeof
S1(z) in the ny ®eld of VLW @cf. Eq. ~22!# and get after
adiabaticeliminationof the other®elds

VLW5 E
V~0!

ds@w~s!VTei s• r1 G~s!VMFei s• r1 VLW
rest~s! #

5 w~r !VT1 G~r !VMF1 E
V~0!

dsVLW
rest~s! , ~45!

with VMF5 „0,0,0,0,P1(z)….
Finally, therearepassive,short-wavelengthcontributions

to the solution. The harmonicsabout 6 2qc are standard.
Additionally, we take into accountthe terms generatedby
N2„V1(q)uVTei s• r…, with wavevectorsaround6 qc . The re-
sulting quadraticmodesV2T(q,s) are calculatedwith the
projector techniqueof Appendix B. They contributeto the

PRE 59 1757EXTENDED WEAKLY NONLINEAR THEORY OF PLANAR . . .



solutionwith an amplitudeAw. The higher-ordertermsthat
we include in our analysisare the termsof order A2w gen-
eratedby thesequadraticmodesanddirectly by thecoupling
of the twist modewith the roll modes:we add to the right
handsideI 2 of Eq. ~44! a contribution

I 35 E
V~0!

dsE
V~qc!

dqE
V~2 qc!

dq8w~s!A~q!A~q8!

3 @~N2„V2T~q,s!uV1~q8!…1 N2„V2T~q8,s!uV1~q!…

1 N3„V1~q!uV1~q8!uVTei s• r…#. ~46!

This addition is consistentwith the schemeof Sec. IV A,
sincea particularcontributionof Eq. ~46! in the ny equation
leadsfor (s,q,q8)5 (0,qc ,2 qc) to the term 1 G(qc)uAu2w
responsibleof the abnormal-rollbifurcation. The important
point is that Eq. ~46! also inducescorrectionsto the mean-
¯ow equationswhich turn out to resolve the dif®culties
quotedin our Introduction.For instance,in ATC thestandard
WNL analysispredictsa skewed-varicoseinstability of the
critical normalrolls at eSV5 0.15,in contradictionto the ex-
perimental®ndingswhich showrathera zig-zaginstability at
muchsmallere(eZZ. 0.05accordingto Fig. 4 of @14#!. The
inclusion of the terms ~46! in the perturbationanalysisof
normal rolls drasticallychangesthe form of the growth rate
asa function of the modulationangle~Fig. 5! andleadsto a
zig-zag instability at eZZ5 0.062 comparableto the experi-
ments.Since the zig-zag modulationsare also for EC the
most dangerousdestabilizingmodesof rolls with a normal
wavevector,we now disregardthe generalskewed-varicose
case.Using the methodexposed,for instance,in @25#, we
applyaninverseFouriertransformto theevolutionequations

for A(q),w(s), and G(s) obtainedin Fourier space.This
yields from expansionsof the coef®cientsin powersof the
wavevectorscorrespondingderivativeterms.Onearrivesat
thefollowing systemof equationsfor theroll envelopeA, the
twist amplitudew, andthe mean-¯ow amplitudeG:

t ] tA5 @e~12 e3] y
2!1 r 2] y

2#A2 uAu2A2 a7uAu2] y
2A

2 a8A2] y
2A* 2 a9~] yA! 2A* 2 a10u] yAu2A2 is1A] yG

2 ib1A] yw2 ib2w] yA2 bw2A, ~47a!

] tw5 ~s T1 K1] y
2!w1 ig8 ~A* ] yA2 A] yA* !

2 gw w31 Gw uAu2w, ~47b!

05 nb] y
2G1 iq4] y

2~A* ] yA2 A] yA* !1 GG] y
2~uAu2w! ,

~47c!

where we have recalledon the left hand side someof the
time-derivativeterms@42#. NotethattheA equationhasbeen
multiplied by the characteristictime t , and that the roll
modeshavebeenrescaledfor convenienceby a factor aqc

5 1/At gqc
~this amountsto rescalingthe amplitudesby a

factor1/aqc
). Somecoef®cientsin Eq. ~47! arelinked to the

coef®cientsappearingin Eq. ~29! for nonmodulatedrolls:

b25 t
] b 2~qc1 pyÃ!

] p
U

p5 0

, b5 tb 3~qc! ,

g85 aqc

2 1

2

] g~qc1 pyÃ!

] p p5 0 , Gw5 aqc

2 G~qc! . ~48!

A typical setof coef®cientsis givenfor EC in TableIII. Note
that to lowest order in the amplitudes~47! reducesto the
anisotropicGinzburg-Landauequationfor A if w andG are
adiabatically eliminated or to the roll-mean-¯ow system
~35!, ~36! of @25# if w is adiabaticallyeliminated.In Secs.
V B and V C we will study the stability of the normal-roll
solutionsA5 Ae,w5 0 of Eqs.~47!, andin Sec.V D we will
study the stability of the abnormal-roll solutions A
5 A(eAR1 be)/(11 b), w5 A(e2 eAR)/@b (11 b)# of Eqs.
~47!, whereeAR52 s T /Gw andb5 gw /(bGw).

B. Stability of normal rolls: Standard zig-zagmechanisms

The resultsof the standardWNL analysisconcerningthe
zig-zaginstability of normal rolls arerecoveredif the cubic
terms implying the twist amplitudew are droppedin Eq.
~47!, i.e., if oneassumesGw5 GG5 0(b andgw do not inter-
veneat this stage!. In contrastto @25#the twist amplitudew
hasnot beenadiabaticallyeliminated.Thus the contribution
of the twist dynamicsappearsnow explicitly @43# in our
formula for the zig-zagthreshold,

TABLE III. Coef®cientsof the roll-twist-mean-¯ow amplitudeequations~47!, in EC for N5 at v CD5 1.5.

e3 r 2 a7 a8 a9 a10 s1 b1 b2 b s T K1 g8 gw Gw nb q4 GG

0.17 0.10 2 0.20 0.027 0.28 0.33 2.0 0.19 0.23 0.26 2 0.042 0.088 0.16 0.0052 0.37 16.4 4.54 36.8

FIG. 5. Growth ratesof long-wavelengthperturbationmodes
dV5 a1 V1(qc1 s)1 a2 V1(qc2 s) of the normal rolls at q5 qc in
ATC asa function of the modulationanglearg(s). The prediction
of a zig-zaginstability at e5 eZZ5 0.062 from the extendedWNL
analysis~thick line! agreeswith full numericalresultsand the ex-
periments.The standardWNL analysis~thin line! predictserrone-
ously a skewed-varicoseinstability at arg(s). 50� ,e5 eSV5 0.15.
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eZZ
s 5

r 2

d2
, with d25 e31 a72 a81

2b1g8
s T

1
2s1q4

nb
.

~49!

Thenumeratorr 2 is thesquareof thecoherencelengthin the
y direction, which vanishesat the Lifshitz point in EC: r 2
! 01 whenv ! v L

1 ; the denominatord2 hasto be positive
for a destabilizationto occur. Since b1 and g8 are always
positive ~and s T, 0), the twist contribution 2b1g8/s T is
negative,i.e., stabilizing.The coef®cientsb1 andg8 appear
to bedominatedby thesamenonlinearitiesasb 2 andg ~Sec.
IV C!: thefact that therolls getstiffer by anexcitationof the
twist is alsoa direct consequenceof the ``frustration'' ~Sec.
IV D!. This becomesclear by inspectionof the nz and ny
®eldsgeneratedby a zig-zagperturbationof thenormalrolls.
Using the fact that the amplitudesfor the modulationwave
vectors6 pyÃin a long-wavelengthinstability arealmostop-
posite,one ®ndsto lowest order in the perturbationampli-
tudea:

nz

nÄz

. @2 2A sin~qcx!1 a cos~qcx!sin~py! #S1~z!

. 2 2A sinFqcx2
a

2A
sin~py!GS1~z! , ~50a!

w. aA
g8

us Tu
p cos~py! . ~50b!

Thezig-zagperturbationcreateslocally someobliquenessof
the rolls, i.e., a modulatedqy componentof the local wave
vector, qy52 (a/2A)p cos(py). According to ~M2! ~Sec.
IV D!, the in-plane director in the regions of obliqueness
is pushedaway from the local wave vector: this creates
the splay-twistmodulation~50b! ~Fig. 7! @44#. Accordingto
~M1!, the feed-backof this twist modulationon the roll per-
turbationis negative.Theonly destabilizingtermsin d2 ~49!
aretheoneof e3 ~at leastat not too largefrequencyv in EC!
andmoreimportantlythemean-¯owcontribution2s1q4 /nb ,
wheres1 and q4 are alwayspositive @45#. The zig-zagper-
turbation~50a! createsthe mean¯ow

vx5 ~] yG! P1~z! . aA
q4

nb
p2 sin~py! P1~z! ~51!

sketchedin Fig. 7. In EC andATC, importantcontributions
to q4 are given by the viscous terms in the vx equation
a 5@] y(Dxxny)1 ] z(Dxxnz)#, whereDxx5 ] xvx

f 5 ] x
2] zf . They

signify anisotropicviscous mechanismsof creation of the

mean ¯ow, quite different from the standard advection
mechanisms~dueto the term v•“ vx in the vx equation! rel-
evant for isotropic ¯uids whereq4, 0. In EC, additionally
the term 2e' R(] xf )(] y

2f ) from the x componentof the
Coulomb force gives large contributions to q4 . It corre-
spondsto an electric mechanismof generationof the mean
¯ow. The coef®cients1 in Eq. ~47a! is dominatedby the
contributionsof 2 g1vx] xnz in the nz equationfor EC and
for ATC. Thus the mean¯ow ~51!, by advectionof the di-
rector ®eld in the rolls, reinforcesthe zig-zag perturbation
~Fig. 7!. In ATC, this primary zig-zag mechanismcannot
compensatethe stabilizing twist contribution, as shown in
the ®rstline of TableIV: d2, 0 in Eq. ~49!, i.e., no zig-zag
instability is predictedby the standardWNL analysis.The
twist contributionis overcompensatedby the mean-¯ow one
only at low frequenciesin EC, for instanceat v CD5 1 ~sec-
ond line of Table IV!. At higher v , b1 and 2 2b1g8/s T
increasestrongly, and d2 also becomesnegative~see,e.g.,
the third line of Table IV!. The increaseof the twist contri-
butions results from the contribution to b1 due to term
eaR] y(nynz) in thez componentof theCoulombforce.This
term introducesanelectricmechanismof stabilizationof the
zig-zagperturbationby the twist ~notethat it would become
destabilizingfor nematicswith ea. 0) which is only impor-

TABLE IV. Coef®cientsdeterminingthe standardzig-zagthreshold~49! for the critical normal rolls in
ATC ~®rst line!, and in EC at two different frequencies~secondand third line!. Note that the largest
contributions to d2 ~49! are always the twist contribution 2b1g8/s T and the mean-¯ow contribution
2s1q4 /nb .

r 2 e3 a72 a8 2b1g8/s T 2s1q4 /nb d2

ATC 0.22 0.29 2 1.05 2 3.29 1.16 2 1.13
EC at v CD5 1 0.033 0.26 2 0.22 2 0.83 1.22 1 0.43
EC at v CD5 2 0.158 0.085 2 0.25 2 2.09 1.07 2 1.19

FIG. 6. Stability diagramfor rolls at q5 qcxÃ in EC calculated
from Eqs.~47!, as a function of the dimensionlessfrequencyv CD

5 t CDv . The unstableregionsare in gray. For v L, v , v AR , the
normalrolls are®rstdestabilizedat eZZ ~52a! towardsobliquerolls
by a zig-zaginstability. For v . v AR , the ®rstinstability is at eAR

towards stable abnormal rolls. Abnormal rolls exist in general
aboveeAR andrestabilizefor v , v AR aboveeARstab. Note that the
standardWNL zig-zag threshold eZZ

s ~49! @GG5 Gw5 0 in Eq.
~47c!#, which divergesat v . 1.23,is totally misleading.Theresults
of the Galerkincomputations@15#for the lines eZZ ~diamonds! and
eARstab ~squares! are included.
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tant at high v whereR getslarge.Thusthe standardzig-zag
thresholdeZZ

s divergesat v CD5 1.23~Fig. 6! in distinct con-
tradiction to the experimentsaswell as to the Galerkincal-
culationswhich haveshowntheexistenceof a zig-zaginsta-
bility up to v AR. 2.5 @15,16#.

C. Stability of normal rolls: Secondaryzig-zagmechanism

By inclusionof the higher-ordertermsGw andGG in Eq.
~47!, the zig-zagthresholdeZZ

s ~49! is modi®edto

eZZ5
r 2

d3
, with

d35
1

2Sd21
Gw

us Tu
r 2

1 ASd22
Gw

us Tu
r 2D2

1 8
g8dG

us Tu
r 2D, ~52a!

dG5
s1

nb
GG2

b1

us Tu
Gw . ~52b!

If only Gw is kept, thendG is negativeandthe argumentof
the squareroot is usuallynegative~exceptin EC for v very
close to v L), i.e., the divergenceof the zig-zag threshold
persists@it is evenmoredramaticthanwith Eq. ~49!, e.g.,it
occursnow at v CD5 0.9 in EC#. Indeed,the term Gw uAu2w
in Eq. ~47b! reducesthe dampingof w: it thusproducesthe
normal ! abnormalroll instability, but it alsoenhancesthe
stabilizing in¯uence of the twist dynamicson the zig-zag
instability. On thecontrary,keepingonly thecontributionof
GG in Eq. ~52! yieldsa positivedG sinceGG turnsout to be
alwayspositive.Thend3 reducesto

d3.
1

2Sd21 Ad2
21 8

g8dG

us Tu
r 2D, ~53!

which stayspositive ®nite even when d2! 2 ` , i.e., even
when the WNL zig-zagthreshold~49! divergestotally. The
exactzig-zagthreshold~52a! is shownin Fig. 6 for EC @46#.
The ®rstcorrectionto the standardWNL thresholdeZZ

s can
be calculated analytically: for v ! v L and r 2! 01 ,eZZ

s

! 01 , one®nds

eZZ5 eZZ
s 2

2g8
us Tud2

dG~eZZ
s ! 21 O~eZZ

s ! 3,

where,for EC, theprefactorof (eZZ
s )2 is 2 40.Thus,whereas

the slopeof the zig-zagthresholdat the Lifshitz point is not
changedas comparedwith the standardWNL analysis,the
domainof validity of the standardWNL analysisappearsto
be very limited. The zig-zag thresholdeZZ ~52a! increases
with frequencyessentiallybecauseof a strongincreaseof r 2
andb1 with v . EventuallyeZZ meetsthe abnormal-rollline
eAR5 us Tu/Gw at a crossover frequency v AR where d3
5 r 2 /eAR5 r 2Gw /us Tu; accordingto Eq. ~52a!, dG vanishes
at the crossoverpoint, dG. 0 for v , v AR ,dG, 0 for v
. v AR . The competition between the zig-zag and the
abnormal-rollinstabilitiesappearsthereforeto be controlled

by a balancebetweenthe GG effectsmainly responsiblefor
the zig-zaginstability ~it occurs®rstif dG. 0) and the Gw
effectsmainly responsiblefor theabnormal-rollinstability ~it
occurs®rstif dG, 0). More quantitatively,for EC, our ex-
tended WNL computationsreproducethe results of the
Galerkin computations~compareFig. 6 to Fig. 3 of @15#!
very well at small e, whereasfor e* 0.07our valuesof eZZ
becomeslightly too small; thuswe ®ndthecrossoverpoint at
v AR5 2.9 insteadof v AR5 2.4 from the Galerkin computa-
tions.This agreementis satisfactory,andour analysishasthe
advantageof allowing for analytic modeling.For instance,
by adjustingr 2 and b1 , using otherwisethe coef®cientsof
Table III, onecanperfectly reproducethe resultsof the full
numericalcalculation.Suchanadjustmentcouldpossiblybe
usedalso for modeling experimentalresults~seealso Sec.
V D!.

The new zig-zagmechanismexpressedby the GG effect
can be understoodby inspectingthe correctionsto the per-
turbation®elds.Without Gw , one®ndsthattheroll ~50a! and
twist perturbations~50b! are unchanged,whereasthe hori-
zontalvelocity ~51! is modi®edaccordingto

vx. aA
1

nb
Sq41

g8
us Tu

GG A2Dp2 sin~py! P1~z! . ~54!

Thus the reinforcementof the zig-zaginstability due to the
GG term is a three-stepprocedure~Fig. 7!. First, the roll
curvatureinducesthe splay-twistmodulation~50b!. Second,
this splay-twistmodulationreinforcesthemean¯ow already
inducedby the roll curvature~term } q4 in vx). Third, this
mean¯ow ~asknownalreadyfrom thestandardmechanism!
reinforces the roll curvature.We ®nd that in EC and in
ATC the dominant nonlinearities in GG are contribu-
tions from the viscous terms in the vx equation 1

2 @(a 5
2 a 2)(] zvx

f )nz(] yny)1 (a 51 a 2)(] xvz)nz(] yny)#, which
signi®esa kind of ``velocity focusing'' associatedwith the
long-wavelengthsplayterm ] yny ~Fig. 7!. It would be inter-
estingto con®rmthis mechanismexperimentallyby optical

FIG. 7. Sketchof themechanismsdriving thezig-zaginstability
of normal rolls. The thick lines representslightly undulatedrolls,
i.e., with a modulatedlocal wave vector q @seeEq. ~50a!#. The
ensuingroll curvatureproducesa mean ¯ow v ~dashedarrows!
which in turn advectsthe rolls andreinforcesthe undulations.In a
secondarymechanism,the undulations generatea splay- twist
modulation of the in-plane director n0 ~small arrows inside the
rolls!, which in turn stronglyreinforces,via a kind of ``¯ow focus-
ing,'' the mean-¯ow.
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observationsof the in-planedirector: this should reveal,at
the onsetof the zig-zaginstability, the splay-twistmodula-
tion shownin Fig. 7.

D. Restabilization of abnormal rolls at higher e

In the parameterregion where the normal rolls are ®rst
destabilizedby the zig-zaginstability ~casev , v AR in EC,
usualcasein ATC!, abnormal-rollsolutionsneverthelessex-
ist for e. eAR. eZZ . For symmetryreasonsit seemsclear
that a suf®cientlylargerotationof the in-planedirectorwill
render these abnormal rolls stiff against long-wavelength
zig-zagperturbationswheretheresonantinteractionbetween
the two modulationmodesat 6 pyÃis important.A stability
analysisof Eq. ~47! doesrevealthe existenceof a third sta-
bility boundaryeARstab. eAR. eZZ wherethe zig-zagmodu-
lations of the abnormal-rollsolutionsare dampedout. The
y° 2 y symmetry in Eq. ~47! is broken by the b2 and b
termsin the A equation~47a!, the termsgw andGw in the w
equation~47b!, and the term GG in the mean-¯ow equation
~47c!. The coef®cientsb2 andgw seemto play no important
role since their suppressiononly changesslightly ~by less
than 2%) the value of eARstab. Assumingthereforeb25 gw
5 0 in Eq. ~47!, oneobtainsthe following approximatefor-
mula:

eARstab

eAR
2 1. dG

g8
d4

, with

d45
Gw

2 FGw

us Tu
r 22 d21 2g8

dG

Gw

1 ASGw

us Tu
r 22 d21 2g8

dG

Gw
D2

2 4e3g8
dG

Gw
G. ~55!

This showsclearly that the lines eZZ ,eAR , andeARstab must
meetat the crossoverpoint dG5 0 in EC. An expansionof
Eqs. ~52a! and ~55! in the vicinity of this point (v
! v AR

2 in EC) yields a relationbetweentheir slopes:

SeARstab

eAR
2 1D; 2 2SeZZ

eAR
2 1D;

g8
Gw~r 2 /eAR2 d2!

dG.

~56!

This constrainton the slopesof the lines eARstab(v ) and
eZZ(v ) at the crossoverpoint could be easily testedexperi-
mentally @47#. Here we predict eAR. 0.076
2 0.030dv ,eARstab/eAR2 1. 2 0.19dv or equivalently
eARstab. 0.0762 0.044dv for dv 5 v 2 v AR5 O(1), with
frequenciesin units of t CD

2 1 . The line eARstab(v ) calculated
without approximationsis shown in Fig. 6 for EC and
matchesroughly the numericalresults@15#for not too small
v . However,eARstab(v ) increasestoo steeplywith decreas-
ing v in contrastwith the full numerical results ~see the
squaresin Fig. 6 andFig. 3 of @15#!. Indeedat low frequen-
cies, very high amplitudesare attainedfor e* 0.15 ~Sec.
IV B 2! and the WNL perturbationapproachis no longer
justi®ed.

Note thatonly a few parametersdeterminethepositionof
the bifurcationlines eZZ ~52a!, eAR andeARstab ~55!: the lin-
earcoef®cientsr 2 ,e3 , ands T andthe nonlinearcoef®cients

d2 ,Gw , anddG85 g8dG/Gw . The linear coef®cientsshould
be relatively easy to determinein experiments.Measure-
mentsof eAR for v . v AR , togetherwith an extrapolationin
the domain v , v AR „observethat eAR8 (v ) is very smooth
@Fig. 2~b!#…, would thenyield thevaluesof Gw . Theremain-
ing coef®cientsd2 and dG8 could then be determinedby
®ttingtheexpressions~52a! and~55! of eZZ andeARstabto the
measuredvaluesof the zig-zagand abnormal-rollrestabili-
zationthresholds.

VI. NONLINEAR BIMODAL SOLUTIONS

Abnormal or oblique rolls of wave vector q are stable
againstlong-wavelengthperturbationsin an intermediatee
range;e.g.,in EC the abnormalrolls for e* eARstab. Experi-
ments~see,e.g., @20,19#!, as well as numericalsimulations
@27#or WNL analyses~see,e.g.,@26#!, haveshownthat they
are ratherdestabilizedin this regimeby a short-wavelength
modeof wavevectork leadingto a bimodalstructure.Am-
plitude equationsmodelingsuchinstabilitiescanbe derived
with calculationssimilar to thoseof Sec.IV A, wherewe add
a secondaryroll modeto the basicansatzfor the extended
WNL solutions~25!, now

V5 VA1 V' 5 @AV1~q!1 BV1~k!1 c.c.#1 wVT1 V' .
~57!

One shouldrealizethat sincewe leavethe ``very small e''
region,no quantitativeresultsareto be expectedin general.
Nevertheless,we will obtainin someregimes~EC at high v )
semiquantitativeresults,and, more importantly, qualitative
resultsconcerningthe origin of the bimodal instability and
the further stability of the bimodal solutions themselves
~which hadneverbeenstudiedtheoretically!.

A. Bimodal-twist amplitude equations

With the schemeof Appendix B and calculationsper-
formedat R5 R0(q) in orderto avoidR dependenciesof the
nonlinear coef®cientsin the amplitude equations,we get
from Eq. ~57!

] tA5 Se2 e0~q!

t q
2 gquAu21 b 2~q!w2 b 3~q!w2DA

2 gkquBu2A,

] tw5 @s T2 gww21 G~q!uAu21 G~k!uBu2#w

2 g~q!uAu22 g~k!uBu2,

] tB5 Se2 e0~k!

t k
2 gkuBu21 b 2~k!w2 b 3~k!w2DB

2 gqkuAu2B. ~58!

The couplingcoef®cientgqk is

gqk52 ^U1~k! ,N2„V1~2 q!uV2~q,k!…

1 N2„V1~q!uV2~2 q,k!…1 N2„V2~q,2 q!uV1~k!…

1 N3„V1~q!uV1~2 q!uV1~k!…&, ~59!
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wherethe secondharmonicsarede®nedasin Eq. ~28!, e.g.,

V2~q,k!52 LR0~q!
2 1 • N2„V1~q!uV1~k!…. ~60!

B. Bimodal instability

Considera primary solutionof the zig type characterized
by a wave vector q5 qxÃ1 pyÃ with p> 0, an amplitude A
5 A(q;e), and an in-planedirector rotation w5 w(q;e), 0
~this can include both abnormal-andoblique-roll solutions,
seethe discussionat the endof Sec.IV C!. The growth rate
of the short-wavelengthperturbationof wave vector k de-
ducedfrom Eq. ~58! is

s BV~q;k;e!5
] tB

B
5

e2 e0~k!

t k
1 b 2~k! w2 b 3~k! w2

2 gqkuAu2. ~61!

In EC andin ATC, s BV ®rstbecomespositiveat e5 eBV for
a certainwave vector k ~the ``dual'' of q) of the zag type
(ky, 0). This selectioncan be heuristically understoodby
noticing that the growth rate s BV(q;k;e) at the dual k is
muchlargerthans BV(q;k8;e) for a k8in thezig region,e.g.,
at k85 S(k). Sincethe coef®cientse0(k),t k , andb 3(k) are
unchangedunder the application of S, and gqk is only
slightly modi®ed @52#, one obtains s BV(q;k;e)
. s BV„q;S(k);e…1 2b 2(k)w: the fact that b 2(k) is large
and negativein the zag region ~and w, 0) explainsthe se-
lection. Typically kÞ S(q) so the resultingunsymmetricbi-
modal is of the ``bimodalvaricose'' type @14#.

In EC for the abnormalrolls at q5 qc , we ®ndvaluesof
eBV that aretoo small at low v . The reasonis thatuw(q;e)u
gets too large when comparedwith the Galerkin computa-
tions ~Sec. IV B 2!. However, the position of the dual is
qualitatively correct. For instance,at v CD5 1 we ®nd uku
5 1.18qc ,argk52 67� @48#, to be compared with uku
5 1.01qc ,argk52 61 � from theGalerkincomputations.At
higherv , sincethe abnormal-rollsolutionsarecloserto the
numericalGalerkinsolutions~Sec.IV B 2 andFig. 3!, both
eBV and k agreereasonablywell with the ones from the
Galerkin computations.For instance,at v CD5 2.4, we ®nd
eBV5 0.186,uku5 0.98qc ,argk52 33 � @49#, to be compared
with eBV5 0.183,uku5 0.95qc ,argk52 26 � from theGaler-
kin computations.We mention that the bifurcation to the
bimodalvaricosehasalsobeenevidencedrecentlyin EC of
the nematicI52 at high electricconductivity@50#.

In ATC, for the primary zig mode q5 1.07qc(xÃcos8�
1 yÃsin8�), we ®ndeBV5 0.176,uku5 0.86uqu,argk52 32� , in
qualitative agreementwith the experimentalobservations

@14#. The correspondingcoef®cients~TableV! will be used
in Sec.VI C for numericalsimulationsof the system~58!.

For all thesebimodal instabilities, the leading positive
contribution to s BV(q;k;eBV) ~61! is always b 2(k)w,
whereasthe ~typically negative! contributionof b 3(k)w2 is
smallerin magnitude@51#. This provesthat the director ro-
tation (w, 0) in the primary rolls is the main causefor the
excitationof a modewith wavevectorin thezagregion.This
holds for primary abnormal(p5 0) or oblique rolls (p. 0)
and generalizesthe mechanismidenti®edin @26# for ATC,
which appearsto bealsovalid for EC. Finally, notethat this
mechanismcan also be understoodfrom the frustration in-
troducedin Sec. IV D: the director rotation in zigs being
drivenby ~M2! andthesubsequentexcitationof a zagroll by
~M1!.

C. Bimodal-twist solutionsÐHopf bifurcation

The main advantageof the modelsystem~58! is that ap-
proximatebimodalsolutionscanbecalculated,andthat their
stability can now be studied. Let A,BÞ 0, then Eq. ~58!
yields a cubic equationfor w after the elimination of uAu2

anduBu2. For primary abnormalrolls, thereexistsa unique
stablesolutionfor eBV, e, eHopf ~seebelow for eHopf), and
the bimodalbifurcationis supercritical.For primary oblique
rolls, we ®nda stablesolutionin a slightly largere domain,
eBV2 deBV, e, eHopf : the bimodal bifurcation is, in fact,
slightly subcritical.With the parametersof Table V, deBV
5 0.002! 1: the correspondinghysteresisappearsto be im-
possibleto observeexperimentally.However,the jumpsin B
andw at e5 eBV arenot small andmight be observable~see
the left sideof Fig. 8!. Note thatafter thebimodaltransition,
w increasessteeplyowing to the term 2 g(k)uBu2 in the w
equation,whereg(k), 0 sincek is zag.The stability of the
bimodalbranchagainstperturbationsin A,B, andw canbe
studiedby linearizationof Eq.~58!. Onealways®ndsa Hopf
bifurcation at suf®cientlylarge e. eHopf . With the coef®-
cientsof Table V, eHopf5 0.22, and the developmentof the
Hopf bifurcation is shown,on the right sideof Fig. 8, by a
time-forward simulation of Eq. ~58! after a jump from e
5 0.22to 0.228.The two amplitudesoscillateroughlyout of
phase,asobservedexperimentallyin theoscillatingbimodals
~see,e.g.,@19#or Fig. 12 of @20#!. The calculatedperiodof
thesebimodal-twistoscillations is T5 48t q5 44t , which is
not too far from the periods measuredexperimentally,T
. 15t @20#. The existenceof these oscillations is robust
againstchangesin the parametersof TableV, providedthat
their sign is left unchanged.

In order to analyzethe origin of theseoscillations,we
now focus on the simpler caseof a symmetricbimodal k
5 S(q). Such symmetric bimodals are often observedat

TABLE V. Coef®cientsof the bimodal-twistamplitudeequations~58!, in ATC for an experimentalzig wave vector q and the corre-
spondingdual wavevectork ~seetext!.

t q e0(q) gq b 2(q) b 3(q) gkq t k e0(k) gk b 2(k) b 3(k) gqk

267 0.013 0.0054 0.00010 0.0011 0.013 431 0.16 0.0024 2 0.0010 0.0017 0.0025

s T gw G(q) G(k) g(q) g(k)

2 0.00081 0.00010 0.0077 0.0034 0.0014 2 0.0048
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ratherhigh valuesof thecontrolparameterin EC andin ATC
afteranevolutionwith R of thewavevectorsof thebimodal
varicose@53#. In this symmetriccase,assumingthatEq. ~58!
is still valid to describethe dynamicsof the system,an ana-
lytic calculation of the Hopf thresholdbecomestractable.
Sincethe phasesof A andB arenot coupledby the system
~58!, we can considertheseamplitudesto be real without
loss of generality.After some simple rescalings,Eq. ~58!
takesthe simpler form

] tA5 ~e2 A21 b 2w2 b 3w2!A2 gB2A,

] tw5 @s T2 gww21 G~A21 B2! #w1 g~B22 A2! ,

] tB5 ~e2 B22 b 2w2 b 3w2!B2 gA2B, ~62!

where g5 gqS(q)5 gS(q)q ,b 25 b 2(q)52 b 2„S(q)…. 0,g
5 g(q)52 g„S(q)…. 0. For g.2 1, this systemadmitssta-
tionary bimodal solutions given by A5 B5 Ae/(11 g)
5 Ae8,w5 0. If we perturbthesesolutionsaccordingto

A5 Ae81 a, B5 Ae81 b, w5 01 w,

it turnsout thatthemodesa1 b andb2 a aredecoupled,and
that the former is alwaysdamped.The perturbationsystem
thenreducesto

] t~b2 a!52 2e8~12 g!~b2 a!2 2b 2Ae8w,

] tw5 2gAe8~b2 a!1 ~s T1 2Ge8!w. ~63!

If we supposethata ¯uctuation in the roll amplitudesfavors
the zag mode B, then the director will avoid the stronger
gradientsalongthe zagwavevectorby rotatingtowardsthe
zig: w thenbecomespositivedueto theg termin thesecond
equation.But this rotationwill then favor A, at the expense
of B, dueto theb 2 term in the®rstequation:b2 a will now
decrease.If the Ge8 term in Eq. ~63! is suf®cientlylarge to

overcompensatethedampingof themodesb2 a andw, i.e.,
if the traceof the matrix ~63! is positive:

2e8~G1 g2 1!1 s T. 0, G. 12 g,

e8. eHopf8 5
1

2

us Tu

G1 g2 1
, ~64!

b2 a will evenchangesignandthusmakethedirectorrotate
in theoppositedirection~now towardsthezag!. Thusa Hopf
bifurcation will occur, under the additional conditionsthat
the discriminant of the system ~63! is negative at e8
5 eHopf8 :

D5
4us Tu

~G1 g2 1! 2
@us Tu~g2 1! 22 2b 2g~G1 g2 1! #, 0,

~65!

andthat a stationaryinstability doesnot occurbefore:

us Tu~g2 1!2 2b 2g, 0. ~66!

Theseconditionsare typically ful®lled since us Tu is small
whereasthe productb 2g is large in oblique rolls. This, to-
getherwith the fact that the instability condition~64! is easy
to realizewith the largeG expectedfor nematicconvection,
provesthat the bimodal-twistoscillationsaregeneric,asex-
pected from the experiments. The leading mechanism,
clearly linked to the fact that b 2(q) and g(q) changesign
whenpassingfrom thezig to thezag,is sketchedin Fig. 9. It
canbe interpretedin termsof thedirector±wave-vectorfrus-
tration introducedin Sec.IV D. Indeed,if a ¯uctuation fa-
vorsoneroll amplitudein thebimodal,accordingto ~M2! the
director will be pushedaway from the wave vector of this
roll mode.Thusthedirectorwill approachthewavevectorof
the other roll mode,which will be reinforcedaccordingto
~M1!, andso on ~Fig. 9!.

FIG. 8. Solutionsof thecoupledamplitudeequations~58! modelingthe interactionsbetweentwo roll modesof wavevectorq ~zig! and
k ~zag! andthehomogeneoustwist mode.Thecoef®cientsof TableV havebeenused,andthe roll amplitudesA ~thin line!, B ~dottedline!
have beenmultiplied by 2 in order to display the leading amplitudesof the nz ®eld in Eq. ~57!, nz52 @2A sinq• r1 2B sink• r#S1(z)
1 h.o.t.Theamplitudew ~thick line! determinesto lowestordertheanglebetweentheaveragein-planedirectorandxÃ. Left panel:stationary
solutionsobtainedin the ``low e'' regime. For e0(q), e, eBV , one has monomodesolutions(AÞ 0,B5 0). At e5 eBV , a subcritical
bifurcation towardsa bimodal (A,BÞ 0) occurs;only the stablebimodal solutionsare then shown.Right panel:behaviorjust abovethe
thresholdof theHopf bifurcationeHopf . After a jump from e5 0.22, eHopf to e5 0.228. eHopf , regularout of phaseoscillationsof A andB
develop,which aremediatedby an oscillationof the in-planedirector.
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In fact, secondaryindirect mechanismsfor the feedbacks
w$ A implied in this instability loop are provided by the
interactionsw$ B andB$ A. For instance,an increaseof w
leadsto an increaseof A ~secondstepof Fig. 9! due to the
term in b 2(q). 0 in Eq. ~58!, but also becauseit ®rstpro-
ducesa decreaseof B @due to the termsin b 2(k), 0,b 3(k)
. 0] which thendrivesan increaseof A ~dueto the term in
gkq. 0). In a similar way,anincreaseof A drivesa decrease
of w ~third step of Fig. 9! directly due to the g(q) term
@g(q). 0#, or indirectly, via a decreaseof B, dueto the gqk
and g(k) terms@gqk. 0 and g(k), 0] . An importantcon-
sequenceof theseindirectmechanismsis thattheoscillations
alsodevelopin a bimodalconstructedon primary abnormal
rolls for which b 2(q)5 g(q)5 0. Indeed,simulationsof Eq.
~58! with a set of coef®cientscalculatedin EC of N5 at
v CD5 2.4 for the bimodalconstructedon the abnormalrolls
at q5 qc show the samesequenceas in Fig. 8, now with
eBV5 0.186 and eHopf5 0.24. Of course,theseoscillations
disappearif gqk or gkq aresetnegative.

VII. CONCLUSION

A minimal descriptionof planarnematicconvectionhas
been obtained which capturesthe generic bifurcation se-
quencesknown experimentally.It is basedon a systematic
WNL analysiswhere the active mode basis has been ex-
tended:besidesthestandardroll modes,̀ `slow modes'' con-
sisting of homogeneousor quasihomogeneoustwist modes
of the directorhavealsobeenincluded.The evolutionequa-
tionscouplingthecorrespondingorderparameterw with the
roll amplitudesA ~or B) andwith themean-¯owamplitudeG
@Eqs. ~29!, ~47!, and ~58!# haveallowed a quantitativede-
scriptionof the®rstbifurcationsat smalle ~see,e.g.,Fig. 11!
anda qualitativedescriptionof thesubsequentbifurcationsat
highere ~see,e.g.,Fig. 8!. Due to thesemianalyticnatureof
thecalculations,thedominantnonlinearmicroscopicmecha-
nismscould be singledout. This gives indicationsconcern-
ing the behaviorof nematicswith othermaterialparameters.
In general,the interactionsbetweenthe twist and the roll
amplitudesappearto be ruled by a principle that we have
termed``director±wave-vectorfrustration'': the charge-and
heat-focusingmechanismsboth favor the in-plane director

almostparallelto the roll wavevectors,whereasthe viscous
torquesalwayspushit away ~Sec.IV D!. This explainsthe
closeanalogybetweenelectroconvectionandthermoconvec-
tion.

A systematiccalculationof theorder-parameterequations
aspresentedheremight alsoprovidea betterunderstanding
of the microscopic mechanismsfor other systemswhere
slow modesplay an important role. Examplesare binary
¯uid convectionwith slow concentrationmodes@54#or nem-
atic electroconvectionin thepresenceof weak-electrolyteef-
fects,in which slow chargemodesallegedlydrive theforma-
tion of the surprising``worms'' @55#.

We hopethat our resultswill stimulatenew experimental
studiesof electroconvectionand thermoconvection,where
somefeaturescharacteristicof theroll-twist-mean-¯owinter-
actionscouldbeevidenced:e.g.,thedynamicsat thezig-zag
instability ~Fig. 7!, the in-planedirectoroscillationsunderly-
ing the bimodal oscillations~Fig. 9!, or the changein the
trajectory trace quotedin Appendix C. Since all the basic
structuresandinstability lines arenow well understood,this
work alsoestablishesa startingpoint for a systematictheo-
retical study of more complicatednonperiodicpatterns.For
instance,the rich dynamicsof structureswith point defects
or walls @56# needsfurther investigation.In particular, the
spatiotemporalchaosobservedunder certain experimental
conditionsmight be better describedand understoodfrom
envelopeequationsof a type similar to Eqs. ~47!. For that
purpose,an extensionof theseequationsto the caseof a
generalspatial dependence~both ] y and ] xÞ 0) is under
way. It would alsobe interestingto reanalyzethe phasedy-
namicsin the oscillating bimodals,which had beenprevi-
ously describedon the basisof phenomenologicalmodels
@57#.

We note®nallythesimilaritieswith homeotropicnematic
electroconvection,where one sets n5 zÃ at the plates and
thereforethe rotational symmetryaroundz is initially not
broken. Convection sets in after an electric FreÂedericksz
transitionwherethe in-planedirectororientationis selected,
andtheassociatedGoldstonemodeplaysa role analogousto
our twist modein planarconvection.In fact, the®rstexperi-
mentspointing to the existenceof abnormalrolls wereper-
formed in homeotropicelectroconvection@58#, and the am-
plitude equationsderivedfor this systemin @30#aresimilar
to our amplitudeequationsin their simplestform @59#. In the
presenceof a planarmagnetic®eld,the homeotropicsystem
becomesanisotropic.Galerkincomputations@60#andexperi-
ments@61#havethenshownsequencesof bifurcationsiden-
tical to the onesobservedin the planar case.It would be
interesting to systematically calculate the corresponding
order-parameterequations,particularly to elucidatethe role
of the mean¯ow in this homeotropiccase.
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FIG. 9. Sketchof the mechanismdriving the bimodal-twistos-
cillations. The thin arrowsshow the zig ~continuousline! and the
zag~dashedline! wavevectorsof the two roll modesin the bimo-
dal. The magnitudeof the correspondingamplitudesA and B is
symbolizedby the sizeof the Fourierspotsattachedto thesewave
vectors.Thein-planedirectorn0 , suchthatn0• yÃ5 w, is drawnwith
the thick arrow. The four elementarystepsduring one oscillation
areshownsideby side.The torque} a 2 exertedby the rolls on the
directoris sketchedwith theverticalarrows,andthepositive~nega-
tive! feedbackfrom the director to the roll amplitudesis indicated
with the 1 (2 ).
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APPENDIX A: LINEAR EQUATIONS
FOR THE FOCUSING MECHANISMS

The focusing mechanismsand the analogybetweenEC
andATC becomeclearerby inspectionof thecorresponding
dimensionlesslinear equations.In EC, the evolution of the
scalar®eld,the electricpotentialf , is governedby Eq. ~5!,

2 ~e' ¹ 21 ea] x
2! ] tf 1 ea] t~Eac] xnz!

5 Q~s ' ¹ 21 s a] x
2! f 2 Qs aEac~] xnz! , ~A1!

with Eac5 cosv t. This equationpresentsthe samekind of
focusing terms (} ] xnz) as the evolution equationfor the
temperaturemodulationu in ATC which follows from Eq.
~7!,

] tu5 ~k' ¹ 21 k a] x
2!u1 Rvz2 Rk a] xnz . ~A2!

The evolution equationfor nz , deducedfrom Eq. ~1!, con-
tains in both casesthe sameelasticandviscousterms,

g1] tnz5 ~k33] x
21 k22] y

21 k11] z
2!nz

1 ~k112 k22! ] y] zny2 a 2] xvz2 a 3] zvx1 hz8,

~A3!

with thedimensionlessunits for EC; the importanttermhere
is the viscoustorque} ] xvz . In EC additionalelectricterms
comein,

hz85 eaRnz2 2eaREac] xf , ~A4!

which are only important at high frequencies.Finally, the
evolution equationfor vz , deducedfrom Eq. ~3!, is also
rathersimilar for both systems,

r m] tvz2 a 2] t] xnz5 ~nc] x
21 na] y

21 na] z
2! vz

1
1

2
~a 21 a 5! ] x] zvx1 f vol , ~A5!

with the dimensionlessunits for EC ~for ATC onehasonly
to changer m into 1/Pr), with the bulk force beinggiven by
the Coulombforce ~6! in EC,

f vol5 eaR] xnz2 2REac~e' ¹ 21 ea] x
2! f , ~A6!

andby the buoyancyforce ~8! in ATC,

f vol5 u. ~A7!

APPENDIX B: EXTENDED WEAKLY NONLINEAR
SCHEME

In this appendixwe show how to calculateapproximate
WNL solutionsof a problemof the form

D] tV5 LV1 N2~V,V!1 N3~V,V,V! , ~B1!

with theorder-parameterapproach.Themaincontrolparam-
eter R ~not recalled in order to simplify the notations! is
®xed.The linear modes,the solutionsof

s ~m!DV1~m!5 LV1~m! , ~B2!

are indexedby a collection of numbersm; for instance,in
the ``extendedlayer'' geometry,m5 (q,n) where q is the
horizontal wave vector and n indexesthe vertical depen-
dence~in z). Theselinearmodesareassumedto form a basis
in V space.With thehelpof a Hermitianscalarproductin V
space,(U,V)° ^U,V&, we de®netheadjoint linearoperators
D ² andL ² by ^U,D• V&5 ^D ² • U,V&, andthe adjoint linear
modesasthe solutionsof

s ~m!D ² • U1~m!5 L ² • U1~m! . ~B3!

They canbe normalizedsuchthat

^U1~m! ,DV1~m8!&5 d~m2 m8! . ~B4!

The growth ratess (m) are assumedreal. We distinguish
betweenthe activemodesof growth rates (m).2 c ~which
de®nesa domainA in m space! and the passivemodesof
growth rate s (m),2 c ~which de®nesa domain P in m
space!. Usually in the solutionsof Eq. ~B1! thereis a clear
separationbetweenthe growth rates of the excited active
modesandthegrowthratesof theexcitedpassivemodes~see
below!, andthereforetheexactvalueof c is not very impor-
tant.We assumethe existenceof a primary instability:

max
mP A

s ~m!5 e. 0, ~B5!

with e! c. The orthogonalityrule ~B4! allows the de®nition
of a projectoronto the activemodespaceby

PAV5 (
mP A

^U1~m! ,DV&V1~m! , ~B6!

andonto the passivemodespaceby

~12 PA !V5 (
m8P P

^U1~m8! ,DV&V1~m8! . ~B7!

Thusa naturaldecompositionof possibleapproximatesolu-
tions of the evolutionequation~B1! is

V5 VA1 V'

5 PAV1 ~12 PA !V

5 (
mP A

A~m!V1~m!1 (
m8P P

B~m8!V1~m8! . ~B8!
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A modeV1(m) or V1(m8) is ``excited'' if thecorresponding
amplitudeA(m) or B(m8) is nonzero;the A(m) constitute,
in fact, the ``active amplitudes'' or ``order parameters''
which will de®nethe solution. In order to show this, we
introducethe coprojectorPA8 de®nedby

PA8V5 (
mP A

^U1~m! ,V&DV1~m! , ~B9!

suchthat PA8D5 DPA and PA8L5 LPA . The applicationof
(12 PA8) on Eq. ~B1! thengivesto lowestorder

D] tV' 5 LV' 1 ~12 PA8!N2~VA ,VA ! , ~B10!

which showsthat if VA is assumedto beof orderA, V' is of
order A2. Moreover, the projection of Eq. ~B10! onto
U1(m8) gives

] tB~m8!5 s ~m8!B~m8!1 ^U1~m8! ,N2~VA ,VA !&.

Assumingthat ] t is of theorderof themaximumgrowthrate
of theactivemodes~B5!, we get ] t! us (m8)uandcanthere-
fore performan adiabaticeliminationof B(m8),

B~m8!52
1

s ~m8!
^U1~m8! ,N2~VA ,VA !&, ~B11!

or equivalentlysolveEq. ~B10! by

V' 52 L2 1~12 PA8!N2~VA ,VA ! . ~B12!

The projectionof Eq. ~B1! onto the U1(m) gives the ®nal
activeamplitudeequations

] tA~m!5 s ~m!A~m!1 ^U1~m! ,N2~VA ,VA !1 N2~VAuV' !

1 N3~VA ,VA ,VA !&, ~B13!

wherewe haveintroducedthe notations~usedin the restof
the paperfor the cubic order!

N2~aub!5 N2~a,b!1 N2~b,a! ,

N3~auaub!5 N3~a,a,b!1 N3~a,b,a!1 N3~b,a,a! ,

N3~aubuc!5 N3~a,b,c!1 N3~a,c,b!1 N3~b,a,c!

1 N3~c,a,b!1 N3~b,c,a!1 N3~c,b,a! .

~B14!

In practice,oftentheeigenmodes~or theoperatorsL andN2)
at the control parameterR arenot usedto calculatethe non-
linear coef®cientsof the amplitude equationssince this
would introducean R dependenceof thesecoef®cients.In-
stead,one uses,for instance,in convectionthe neutral roll
modesV1(q)ª V1„q;R0(q)…insteadof V1(q;R) or evaluates
L2 15 LR

2 1 in Eq. ~B12! at R5 R0(q); clearly this introduces
only small numericalcorrectionsto the scheme.Note ®nally
that the scalarproductin our layer geometryis de®nedby

^U~z!ei q• r,V~z!ei q8• r&

5 d~q2 q8!
2

p Ez52 p /2

z5 p /2
U* ~z! t V~z!dz. ~B15!

APPENDIX C: ANALYTIC APPROXIMATION
OF THE NONLINEAR ROLL-TWIST COEFFICIENT G

In this appendixwe usethe lowest-orderGalerkinexpan-
sion to give analyticapproximationsof the coef®cientG(q)
~33! and to elucidatethe correspondingmechanisms~at q
5 qcxÃ). The contributionG3(q) of the cubic nonlinearities
thenreads

g1G3~q!5 52.21ua 2uqcfÄnÄz1 1.56a 3qc
3fÄnÄz1

6~k332 k22!qc
22 2k331 k22

4
nÄz

21
3

4
qcRea@nÄz~fÄ1 fÄ* !2 4qcufÄu2# in EC

2.21ua 2uqcfÄnÄz1 1.56a 3qc
3fÄnÄz1

6~k332 k22!qc
22 2k331 k22

4~F/g1!
nÄz

2 in ATC,
~C1!

where the numericalconstantsarise from Galerkin overlap
integrals.Sincefor EC the electriccontribution(} ea) is al-
waysnegligible,the sameeffectscontrol the valueof G3(q)
in EC and in ATC. Typically, the ®rstterm proportionalto
a 2 ~notedhereafterG3visc) is by far the largest,followed by
the elasticcontribution(G3elast). For instance,in EC at v CD
5 0.5, one has $G3visc,G3elast%5 $0.84,0.18%G3(q), while at
v CD5 4,$G3visc,G3elast%5 $0.66,0.32%G3(q); in ATC,
$G3visc,G3elast%5 $0.91,0.07%G3(q).

Thereare also contributionsof the quadraticnonlineari-
ties to G(q) ~33!, which areonly importantin EC on which

we will now focus. With the use of the quadraticmode
V2(q,T) ~28!, which reads

V2~q,T!5 „0,nÄy
TS2~z! ,0,0,gÄTS2~z!…eiqcx, ~C2!

one®nds

g1G2~q!5 2.30ua 2uqc
2fÄnÄy

T1 2ua 2uqcnÄzgÄ
T2 0.646a 3qc

2fÄnÄy
T

1 ~k112 k33!qcnÄznÄy
T , ~C3!
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wherethe ®rsttwo termsdominate.They originatefrom a 2
terms in N2ny

„V1(2 q)uV2(q,T)…, namely a 2v•“ ny

2 a 2(] xvx)ny for the term } nÄy
T , and 2 a 2nz(] zv y) for the

term } gÄT. The ®rstterm in Eq. ~C3!, } nÄy
T , is alwaysposi-

tive. This is dueto the fact that nÄy
T. 0, ascanbe seenfrom

the resultof the adiabaticeliminationEq. ~28!,

nÄy
T5 @4k221 k33qc

2#2 1~nÄy81 ua 2uqc
2gÄT! , ~C4a!

gÄT5 @qc
2~4na1 ncqc

2! #2 1gÄ8, ~C4b!

where

nÄy85 ~0.323ua 2u2 1.15a 3!qc
2fÄ1

k112 k33

2
qcnÄz , ~C5a!

gÄ85 ~0.735a 11 0.618ua 2u1 0.367a 32 0.206a 5

1 0.367a 6!qc
4fÄ1 1.22~a 31 a 6!qc

2fÄ. ~C5b!

In Eq. ~C5a!, nÄy8 is dominatedby the a 2 contributionorigi-
natingfrom the term a 2(] xvx)ny in N2ny

„V1(q)uVT…; in Eq.

~C4a!, nÄy
T is also dominatedby this contribution from nÄy8.

Thus a 2 mechanismsimpose the positive value of G2(q)
~C3!.

The increaseof G2(q) with the frequencyv @Fig. 2~a!# is
in fact dueto a changeof signof thesecondterm} gÄT in Eq.
~C3!. Equation ~C5b! gives gÄ85 (13.2qc

22 28.5)qc
2fÄwhich

showsthat gÄT and gÄ8 are negativeat low v where qc is
small, andpositiveat high v whereqc becomeslarge.This
changeof sign is mainly due to the a 2 contributionin Eq.
~C5b! originating from the term a 2] x(vz] zny) in
N2vy

„V1(q)uVT…@62#. It hassomeconsequenceson theangle
betweenthe projection of the trajectoriesin the horizontal
plane and the axis of the rolls, which could be observed
experimentally. In ``zig'' abnormal or oblique rolls (q

5 qcxÃ1 pyÃwith p> 0; w, 0) oneexpectsaccordingto Eqs.
~25!, ~27! for the componentof the velocity parallel to the
axis of the rolls †Eq. ~B.4! of @29#‡,

v i 5 2Auqu@gÄ~q!1 wgÄT~q! #S2~z!sin~q• r !1 h.o.t.

For small p,gÄ(q). gÄ1p, andtherefore

v i . 2Aqc@gÄ1p1 wgÄT~qcxÃ! #S2~z!sin~q• r ! . ~C6!

SincegÄ1. 0, one hasgÄ1p. 0 in zig oblique rolls, whereas
wgÄT(qcxÃ), 0. Thus,whenp decreases~this happenssponta-
neouslyundercertainconditionsin EC, see,e.g.,@15#!, one
expectsa changeof sign of arctan(vi /v' ), theanglebetween
thetrajectoriesandthewavevectorof therolls †v' beingthe
velocity perpendicular to the axis of the rolls, v' .
2 2AqcfÄ(qcxÃ)C18(z)sin(q• r ) accordingto Eq.~B.3! of @29#‡.

APPENDIX D: RESULTS FOR THE
ELECTROCONVECTION OF THE NEMATIC MBBA

The ~commonly used! nematicMBBA is an interesting
exampleof materialwithout a Lifshitz point. Moreover, in
recentexperimentsthe excitationof the twist modehasjust
beenevidenceddirectly with somespecialoptical methods
@17#. For MBBA, the crossoverfrequencyto the dielectric
regime is v D5 2.3t CD

2 1 . We show in Fig. 10 the standard
WNL coef®cientsand in Fig. 11 the predictionsof the ex-
tendedWNL theoryconcerningthebifurcationsof rolls with
a normal wave vector.Note that the quadraticeffects(G2)
determiningthe value of G ~33! becomedominantat high
frequency.Concerningthe long-wavelengthinstabilities,one
seesthat the standardWNL zig-zag line eZZ

s is always lo-
catedabovethe abnormal-rollline eAR : thusno zig-zagin-
stability would be predictedto occur below the abnormal-
roll thresholdif the new term GG were not includedin Eq.
~47c!. Within the extendedWNL theory, the crossoverbe-
tweenthe zig-zagandthe abnormal-rollinstability occursat

FIG. 10. In EC for MBBA ~like Fig. 1!: ~a!
growth rate s T of the homogeneoustwist mode
in unitsof thecharacteristictime t ; ~b! saturation
coef®cientgqc

of the critical normalrolls.

FIG. 11. In EC for MBBA: ~a! coupling co-
ef®cientG(qc) ~33! betweenthecritical rolls and
thetwist mode,asin Fig. 2~a! for N5; ~b! stability
diagram,as in Fig. 6 for N5. The closedsquares
anddiamondsdisplaythe resultsof the full non-
linear Galerkincomputations@3,28#.
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v AR5 1.3, with eAR. 0.0952 0.058dv , eARstab/eAR2 1
. 2 0.41dv or equivalently eARstab. 0.0952 0.097dv for
dv 5 v 2 v AR5 O(1), with frequenciesin units of t CD

2 1 .
Note the good agreementof eARstab with the numericalcal-

culations; this is due to the fact that the amplitudesare
smallerin MBBA thanin N5. Notealsothat thebifurcations
at zerofrequencyaresimilar to thosefor ATC of 5CBatzero
magnetic®eld.
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