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We study theoreticallyconvectionphenomenan a laterally extendedplanar nematiclayer driven by an
ac-electric®eld-electroconvectioin the conductionregime or by a thermalgradientthermoconvection We
usean order-parameteaipproachanddemonstrat¢hat the sequencef bifurcationsfound experimentallyor in
the numericalcomputationscan be recoveredprovideda homogeneouswist modeof the directoris consid-
eredas a new active mode. Thus we elucidatethe bifurcationto the new “abnormalrolls" @. Plautetal.,
Phys.Rev. Lett. 79, 2367~1997# The couplingbetweenspatialmodulationsof the twist modeandthe mean
“ow is shownto give animportantmechanisnfor the long-wavelengttrig-zaginstability. The twist modeis
alsoresponsibldor the widely observedimodalinstability of rolls. Finally, a Hopf bifurcationin theresulting
bimodalstructureds found, which consistsof directoroscillationscoupledwith a periodicswitchingbetween
the two roll amplitudes.A systematicinvestigationof the microscopic mechanismscontrolling all these
bifurcationsis presentedThis establishes close analogybetweenelectroconvectiorand thermoconvection.
Moreover,a directorrwave-vectorfrustration” is found to explainmostof the bifurcations.

@1063-651X99101102-2¢

PACSnumbers!: 47.20.Ky,47.20.Bp,42.70.Df

I. INTRODUCTION

Therich variety of instabilitiesin nematicliquid crystals
has always attractedgreat interestamong experimentalists
andtheorists@+ 3¢ Nematicliquid crystalsare "uids which
show a long-rangeuniaxial ordering in the orientation of
their rodlike molecules.The averageorientationde®neghe
director®eldn, whichis alsothelocal anisotropyaxis of the
medium.Due to the couplingof n to the other ®eldsof the
“uid ~velocity, temperaturegtc!, speci®cfocusingmecha-
nismsleadto new convectiveinstabilities@,5% In the planar
setup used by most researchersa nematic layer is sand-
wiched betweentwo horizontalplates,wherethe directoris

®xedin a horizontaldirection®-planaranchorind. Sincethe
rotationalsymmetryin the layer planeis broken,this system
has becomea prime example for anisotropic convection
@64

Two realizationsof convectionin a planarnematiclayer
exist. Underthe applicationof a vertical~alongz) ac-electric
®eldof angularfrequencyv, chargefocusing@, 7#leadsto
electroconvection ~EC!. Thin cells of thickness d
. 10+100 mm canbe used.Consequentlythe characteristic
times are small and very large aspectratios ~cell width/d)
can be obtained;also for thesereasonsEC hasbeenexten-
sively studied@# Alternatively, by heatinga planarnematic
layer from below heatfocusing@leadsto anisotropicther-
moconvection-ATC!. The characteristidimesin ATC are
annoyinglylong exceptwhena largedirector-stabilizingpla-
nar magnetic®eld (iX) is appliedasin @4 On the other
hand, this systemis interestingsinceits theoreticaldescrip-
tion is somewhasimplerthanin EC.
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vre Cedex,France.
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In this paper we will concentrateon the "director-
dominatedregime" wherethe slow dynamicsof the director
®eld determinesthe longest characteristic-timescale. This
regimecorrespondso EC at low frequenciesn the conduc-
tion regimeandto ATC in the absenceof ~or at very small
stabilizing magnetic®elds.Most of the experimentaktudies
of EC havebeenperformeduntil recentlyin this regime;the
new weak-electrolyteeffects @,104 relevant for high fre-
guenciesthin cells, or nematicmaterialswith a very small
dielectricanisotropye, will not beincluded.In the director-
dominatedregime the sequence®f spatio-temporalstruc-
tures found experimentallyby slowly increasingthe main
control parameterthe applied electric ®eld in EC or the
temperaturegradientin ATC! are similar in both systems.

Typically, normalrolls, with their axis' %\ arefound at on-
set@1,5%¢ They undergo,at rathersmall e, the reduceddis-
tanceto the convectionthreshold,modulationalor homoge-
neousinstabilities, leading toward either oblique rolls zig-
zag$ @1+214# or abnormalrolls @5+17# At higher e
bimodalor grid patterns@8,14#arevery often found, which
®nally become oscillating @8+20# Despite the fact that
someelementsof thesescenarios-especiallythe last steps
implying stationaryor oscillating bimodal structures have
beenknown experimentallyfor morethan 20 yearsin EC, a
comprehensiveheoretical descriptionand explanationare
still lacking.

Sinceall the bifurcationsoccurrelatively nearto the con-
vectionthreshold,onemajortheoreticalapproachconsistsn
the “order-parametegxpansions."Orderparametergrein-
troducedasthe amplitudesof the dynamicallyactive modes
e.g., the pattern-forming,critically slowed roll modes ~of
growthrates; ¢€) in the frameworkof the standardveakly
nonlinear-WNL! analysis.A simpli®eddescriptionof the
dynamicsof the systemis thenobtainedin termsof ~“ampli-
tude" or “order-parameteequations," where the nonlin-
earitiesare truncatedat cubic order in the commonsuper-
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critical case @1# The generalstructureof theseequations
and the allowed couplings betweenthe amplitudescan be

deduceda priori from the symmetriesof the system.Never-

theless,a trustworthy descriptionrequiresa systematiccal-

culation of the coef®cientsdrom the basic “"microscopic”

equationsjndeed,exceptin very simplecasesgventhe sign

of the coef®cientds not intuitively known. In nematiccon-

vection the standardWNL analysisresultsin either “"Lan-

dau" -without spatial variation$ or “Ginzburg-Landau"
~ncluding spatial degreesof freedom amplitude equations
@,6# They haveallowedsuccessfustudiesof manygeneric
phenomenaearthreshold@,20,23,2#4 Somesecondaryin-

stabilities of the roll structureshave beenqualitatively ex-

plained as well @5,26¢ However, strong quantitativedis-

crepancies concerning the long-wavelength secondary
instabilities could only be resolvedby the useof fully nu-

mericalsolutionsof the basicequationsn which all thenon-

linearitiesarekept~"Galerkincomputations"@7,28#. Such
methodswere alsoneededo identify the surprisingbifurca-

tion to abnormalrolls in EC @5# Heavy computationsof

this kind cannoteasily be extendedto bimodal structures;
thustheir stability hasnot beenaddressetheoreticallyup to

now. In any case the physicalorigin of bifurcationsis hard

to extractby numericalmethods whereasa transparenin-

vestigation of nonlinear mechanismsbecomes possible
within the order-parameteapproach@6,2%

The main goal of this paperis to demonstratehat an
order-parametempproachwhich includes a homogeneous
twist rotation of the directorasa new activemodeallows us,
in mostcasesto reconstructhe whole sequencef bifurca-
tions. The correspondingiew order parametew, which de-
®neso lowestorderthe anglebetweerthe averagen-plane

directorn, and® @eeEq. ~391# hasbeenin fact successfully
introducedat ®rstfor nematicconvectionwith homeotropic
~sotropid alignment@0# In the planar case,the introduc-
tion of this new activemodestemsnaturallyfrom the results
of the Galerkincomputationsandthe experimentsn EC @5#
andfrom a careful study of the resultsof the WNL analysis
in ATC @9# After a brief glanceat the basicequationsand
their symmetriesn Sec.ll andat the standardinear proper-
tiesin Sec.lll A, we showin Sec.lll B thatthis twist mode
hasonly a slightly negativegrowth rate as comparedo the
growthrate of the roll modes.In Sec.IV the coupledampli-

tude equationsfor the roll and twist modesare calculated
from the basicnematohydrodynamiequationsandwe show
thatthetwist modecanindeedbecomeactive.A quantitative
descriptionof the bifurcationto abnormalrolls is achieved.
In Sec.V the amplitudeequationsaregeneralizedo include
long-wavelengthmodulationstogetherwith the mean- ow
effects. A coupling betweensplay-twistmodulationsof the
in-planedirectorandthe mean ow is shownto give a very

ef®cientsecondarymechanisnfor the zig-zaginstability. A

subsequentestabilizationof abnormalrolls at higher e is

alsoobtained.The competitionbetweerthe variousinstabili-

ties is analyzed.SectionVI is devotedto the study of the
short-wavelengthinstabilities of abnormalor oblique rolls.

The amplitudeequationsof Sec.IV are generalizedby the
introductionof a secondaryroll amplitude.It is shownthat
the mechanismtowardsthe bimodal varicose,proposedin

@6t for ATC on the basisof a WNL analysis,appliesgen-
erally. Furtherinvestigationof the coupledamplitudeequa-
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tions revealsthe existenceof a Hopf bifurcation, which ex-
plainsthe oscillatingbimodals.The microscopicnmechanisms
controlling the various bifurcationsand the structureof the
newsolutionsaresystematicallyanalyzed Comparisonsvith
numerical results and experimental ®ndings concerning
mainly the nematic materialsN5 in EC and 5CB in ATC
~Sec. Il A! are presentedvheneverpossible.We also pro-
posea heuristicinterpretationof the bifurcationscenariosin
termsof a competition-or ““frustration"! betweerthe focus-
ing mechanismsand the viscoustorquesexertedon the in-
plane director ~Sec. IV D!. The appendixescontain addi-
tional informationconcerninghelinearequationsAppendix
Al, the calculationaimethod-AppendixB!, analyticapproxi-
mationsof somenonlinearcoupling coef®cientsAppendix
C!, and resultsfor the nematicmaterial MBBA -Appendix
D!.

II. BASIC EQUATIONS B SYMMETRIES

In Sec.ll A we recallthe basisof the standarchematohy-
drodynamic@,3#descriptionof EC andATC; a detailedpre-
sentationcan be found in @5# for EC and in @3,2% for
ATC. The dimensionlesanits and the setsof material pa-
rameterausedarealsointroduced.Sectionll B is devotedto
the symmetrypropertiesof the systemandto the basicex-
pansiontechniques.

A. Basic nematohydrodynamic equations
dimensionlessunits

The directordynamicsis determinedby

g:n3 §5 n3 h, 4!
where g, is an anisotropicviscosity, and the dot standsfor
the materialderivative],1 v¢* . The molecular®eldh 1Eq.
3! of @5#t containselasticcontributionsproportionalto the
splay,twist, andbendconstants,,k,,, andkss, an electric
contribution proportionalto the dielectric anisotropye, in
EC, and®nallyviscouscontributionsh, . A convenienform
is

h,52 a,Den2 azn-D 2!

where D is the tensorgradientof velocity, D;;5 Jv;/]X;.
Sincethe anisotropicviscosity a, is negativeand of much
larger absolutevalue than the anisotropicviscosity a5, the
mainterm} a, in Eq.-2! tendsto rotaten in suchaway that
the director-transversevelocity gradients n3 (Den) are
minimized @9 -
The evolution equationfor the velocity v reads
ro® f,02 “ pldivs, 3
with r ., the uid densityandp the pressureThe stresgensor
s 1Eq.~7! of @5#f containselasticcontributionsandviscous
contributions proportional to the anisotropic viscosities
ai, ...,as. We will alsousethe Miesowicz viscositiesn,
5 aul2, n,5 nyl (asl ag)/2,andn5 n,l (as2 a,)/2,and
refer to the correspondingow geometriesa,b, andc @#
DifferencesbetweenEC and ATC comeinto play in the
expressiorof the bulk forcef, in Eg.~3! or equivalentlyin
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TABLE I. ~al Dimensionlesaunits, from @# usedfor electroconvectiorEC!. “b! Dimensionlesaunits,
from @3,2% usedfor anisotropicthermoconvectiorATC!.

Quantity Scalingunit Interpretationof the scalingunit

~al

Elastic constant
Viscosity

Dielectric constant
Electric conductivity

ko5 107 2 N

!

Massdensity as/ke5 10° kgm? 3
Length d/p

Time top5 agd? (kep?)
Electric potential Vo5 pA,/ e
Elastic constant kiq
Viscosity N5 a,l2
Heatconductivity k

Length d/p

Time ttp5 d?/(k p?)
Temperature nak p3l(agyd®)

a5 1073 kgm?t &1
€5 8.858 1012 Fn?!
S5 107 8(V m)??

permittivity of free space

inverseof typical roll wave number
typical vertical director- diffusion time
typical Fréederickszthreshold

splay elasticconstant
isotropicviscosity
conductivity perpendiculato the director
inverseof typical roll wave number
vertical thermal-diffusiontime

the nature of the scalar®eld which drives the convection
instability. In EC, it is the modulationf of the electric po-
tential which determineghe electric ®eld

v ~
E5 T“pp @osvt!#2 d° f# 4l

with V4, the effectiveappliedvoltageandd the thicknessof
the cell. The modulationof the electric potentialis relatedto
the ionic chargedensity r, through the Maxwell equation
r5 “e @ E1 e(n*E)n# andits evolutionis governedby
chargeconservation,

£52 “e @ E1 s neEln# 5!

wheres. and s, are anisotropicconductivities.The bulk
forceis then fright handside of Eq. 2.59 of @4

fuo5 FEL ~Pe* IE, 6!

i.e., the sum of the Coulombforce and of the vpurely non-
linear ponderomotiveforce which implies the macroscopic
polarizationP. This latter term had never beensystemati-
cally includedin theoreticalstudiesof EC, but it hasturned
outto havevery little in"uence on the phenomenave study.

In ATC, the relevantscalar®eldis the differenceu5 T
2 (T2 DT,pp 2/d) betweertheactualtemperaturd andthe
conductive pro®le, with T, the mean temperature,and
DT,pp/d thethermalgradientappliedbetweerthe lower and
upper plates of the convectioncell. The evolution of v is
governedby the heat-diffusionequation

g5 e @ “ T1 ke T'n# 7!

wherek andk, areanisotropicthermaldiffusivities. Under
the standardBoussinesgpproximationthe bulk force reads

f052 rm@2 a~T2 Tyl#go B -8

with a thethermalexpansiorcoef®cientg, the gravitational
acceleration.

We assumeas usualthe incompressibilitycondition“s v
5 0 andintroducethe velocity potentialsf andg suchthat

Vi Ixof1148, w5 1,1,f2]9, v,52 71 ],
9!

Sincen, canbe eliminatedfrom the equationsby usingthe
normalizationcondition n5 1, the local statevector of the
“uid is ®nally

V5 ~f ,ny,n,,f,g! inEC,

V5 ~u,ny,n,,f,g!  in ATC. ~0

The basicequations@gs.-5!, ~1!, and-3! for EC, Egs.~7!,
~! and-3! for ATC#takethe form

D+]V5 LgeV1 N,-V,VI1 N3-V,V,V!1 h.ot., -1

whereD andLg arelinear, N, and N3 are nonlineardiffer-
ential operatorsandh.o.t. denotes “higher-orderterms." In
the following, we will, for example referto the ®rstline of
Eq. 11 asthe f equation+in EC! andto the corresponding
nonlinearitiesasN,; ,N3; , etc. The main control parameter
R, with the dimensionlessinits of Tablel, is given by

agyd®
R5 %’D inEC, R5 g—"DTapp
0 n.k pt

The appliedelectric ®eldreadsE,,5 A2R cosvts A2RE,,

in EC. Note thatfor not too thin layersthe largestcharacter-
istic time in EC is the director-diffusiontime tpp @able
I-al# followed by the charge-diffusiontime tcp5 € /s

and the viscous-diffusiontime t\p5 2r ,d?/(a,p?). To al-

low a direct comparisonwith @5,2%# we will display our
resultsasa functionof vp5 tcp v. Notethat

in ATC.
~2
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TABLE Il. ~a Dimensionlesparametersor the nematicidN5 andMBBA usedin EC ~seetext; notethat
we havealwaysassumed 85 107 3). b! Dimensionlesparameterdor the nematic5CB usedin ATC ~see

text.
~al
k8 k8 k8§ ag as asg ag a8 ag 8 e sB s8
N5 98 46 114 239.0 21093 1.5 56.3 829 2249 5106 5.29 7.48 4.4
MBBA 6.66 4.2 861 2181 21104 211 826 779 2336 472 525 15 1
!
k8 k8 k& ag asg ag ag a8 ag k8 F Pr
5CB 1 0.634 1303 20.184 22343 20.132 2 190 20.575 0.663 790 440
2 used.We keep at leastthe two leading vertical modesfor
[DD S Od So i R .
—5Q—, where Q5 — ~43 each®eldin orderto obtain a good numericalaccuracyof
feo kop“& typically 2% as comparedwith calculations with many

andthe primesdenotethe dimensionlessnaterialconstants.
In ATC the director-diffusiontime tpp5 g,d%/(ky,p?) also
exceedsby far the thermal-diffusiontime ¢t{p @able 1-bl#
and the viscous-diffusiontime ¢y, as measuredby the
~arge dimensionles;®iumbers

tTD5 ay .
2r ok

Pr5 ~14

tvp

Tablell displaysthe materialparametersisedfor the cal-
culations.We have focusedon standardnematic materials:
N55 Merck Phaseb at 30°C with the parametersle®nedn
@5# for EC; 5CB at 27°C with the parametersn @# for
ATC. In Appendix D, however,resultswill be givenin EC
for anothercommonnematicmaterial, MBBA at 25°C, in-
troducedasMBBA | in @#

B. Symmetriesb expansiontechniques

We consideras usualthe idealizationof a nematiclayer
in®nitely extendedin the horizontal plane. The resulting
translationalinvarianceimplies that the full solutionsof Eg.
~11! canbe written as a superpositiorof horizontal Fourier

modescharacterizedy their horizontal wave vector g5 q){\
1 pf e.g.,in ATC,

V5(q WAz, nd-z! nd-z!, f9zI g%zl .7, 45

wherer5 x%1 yY\is the horizontalpositionin the layer. The
caseof EC is very similar, exceptthat v is replacedby f,

andthat the ®eldsbecometime dependentFor a discussion
of the symmetrypropertiesof the EC equationswith respect
to transformation®f time, see@7# as usualonly the lowest
nontrivial Fouriercomponentsn time arekeptin this paper.
With respecto theverticaldependencen z), all ®eldshave
to vanishat the boundariesz56 p/2 in our scaling.Usinga
standardGalerkintechnique@1# v -or f),ny ,n,, andg are
expandedin a sine basis $S,(2)5 sin@(z1 p/2)#% For the
vertical velocity potentialf, which mustful®Il f5 J,f5 0 &

the boundaries,the Chandrasekhabasis $C,,(z)% @2# is

modes.On the other hand, by keepingonly one vertical
modefor each®eldanalytic semiquantitativeesults-with an
accuracyof typically 1094 canbe obtained@3# Therefore
our resultswill often be exempli®edunderthis “one-mode
approximation" which capturesthe essentialphysical fea-
tures.

Another global symmetryof the systemis the re ection
symmetry S:y° 2 y. The correspondingsymmetry of Eq.
<1 is

Sy® 2y, n® 2ny, 9¢° 29,

with the other®eldsunchanged, ~6l

or equivalentlyfor a Fouriermodein Eq. ~15!,

~tfA,nd,nd f9,g%e'®re ~A4,2 nd,nd £9,2 gile'®ST

where it should be noted that gS(r)5 S(q)er. Conse-
quently,the solutionsV of Eqg. 11! canbe classi®edccord-
ing to their symmetry:if S(V)5 V, the symmetryS is not
broken;otherwiseV andS(V) aretwo degenerateariantsof
the sameglobal state.

The re ection with respectto the midplaneof the layer,
z° 2z, is also a global symmetry. Two types of Fourier
modesin Eg. 15! can be distinguishedaccordingto their
transformatiorunderthis re ection: type 1 when tA(z) @r
f 9(2)],n3(2),192) areeven,ni(z),g%?2) areodd;type2 in
the oppositecase Introducingsym(a)56 1 accordingto the
type of the Fourier mode a5 (u,ny,n,,f,g)e'"", Eq. ~11!
havethe important “Boussinesqg-like"symmetryproperty

sym@l,~a,b!#2 sym-a!sym-b!,

sym@l;-a,b,c!#51 symalsym-blsymc!. -7



PRE 59

Ill. ACTIVE MODE BASIS FOR THE EXTENDED WNL
ANALYSIS

WNL analysesn generalrely on a perturbativetreatment
of the nonlineartermsin the evolution Eq. 11! for small
amplitudesof convection.Thusthey becomeasymptotically
exactin thelimit e 0, butin practice,aswell asin our case,
semiquantitativeor qualitative results are often obtained
evenwhenthe amplitudesare not in®nitesimal@1# Within
this pertubativeapproachit is naturalto focusat ®rston the
linearizedevolutionequationsD ] V5 LRV, andto calculate
the corresponding eigenmodes as the solutions of
sDV5 LRV. The solutionsof the full problem~11! arethen
constructedas superpositionsof theselinear eigenmodes.
Amongthose the dynamicallyactivemodesarethe modesof
positivegrowthrate s, andin additionthe modesof slightly
negativegrowthrates which arenonlinearlyexcitedby cou-
pling with themodesof s. 0 @6# Theassociate@xpansion
coef®cientsare the ““amplitudes" or “order parameters."
Their evolution equationswill be calculatedafter adiabatic
elimination of the remainingexpansioncoef®cientsassoci-

ViqRIS Ae2ivty A‘eivusl*zl AST-Z' MS‘SrZ!,er! ,éSSZ~Z! el
1 | I;:~z| ﬁ\sz~z| iRs,~21 £E,-21 45,21 i

SinceV in Eq. 1! is real, V1(2 q;R)5 ,Vi(q;R) ! * holds,
andonecanfocuson the modeswith q-k\> 0. Then,aphase
choicecanbe madesuchthat@5 1, Re(P) Im(Ay, fand

Aarepositivereal numbersandﬁ\ and@\arereal numbers.
The focusing mechanismsre the foIIowmg ones-seealso
the linear equationsin Appendix A!. In EC, a splay-bend
director "uctuation ®eldn,) excitesa chargeor potential
modulation ®eld f) via the charge-focusing term
2 s,QE,J«n,inthef equationAl!l; amass ow ~®eldf)
is inducedvia the Coulombforce ~A6!; this ow reinforces
the initial director distortion via the viscous torque
1 w,y,v, in the n, equation-A3!. In ATC, a splay-bend
distortion of the directorleadsto a temperaturemodulation
~®eld ) via the heat-focusingerm 2 k,R],n, in the heat
equationrAl!; a ow is excitedby the buoyancyforce -A7!;
this ow reinforcestheinitial directordistortionexactlyasin
EC.

When the destabilizingforces overcomethe stabilizing
ones,.e.,whenR exceed$R, thegrowthrates(q;R) of the
so-calledcritical roll mode at g5 g. becomespositive. By
continuity, whenR. R., thereexistsa wave-vectorbandof
roll modesof positive growth rates, which can be, for e
5 R/R2 1 nottoo large,written as

R2 Ry~q! _ €2 g)q!

20!
tRe tg

s~q;R!.

Ro(q) @o(q)# is the +educed thresholdof the roll modeq
~ neutralsurface™, and¢ is a characteristi¢cime. Note that
()5 0, and that tq, is the characteristictime ¢ of the
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atedwith the dynamicallypassivemodesof negativegrowth
rate;see@1#or AppendixB. For planarnematicconvection,
the standardfamily of active modes consistsof the roll

modes,the propertiesof which are reviewedin Sec.lll A.

However,in Sec.lll B it is shownthat diffusion modesof

the director havealsoto be consideredas active, evenquite
closeto the convectionthreshold.

A. Standard active mode basis: the roll modes

The®rststudiesof EC @, ##andATC @&@#haveshownthat
the modesdestabilizingthe quiescentsolution V5 0 of Eq.
~11 areroll modesof wave numberwgucloseto 1 +.e., of
half period. d in physicalunitd andof thez symmetrytype
1 . Theseroll modesarethe solutionsof

s~q;R!DV;~q;R!5 LgrV;—q;R!, ~8
wherethe eigenvalues (q;R) arealwaysrealin the absence
of weak-electrolyteeffects @4 and correspondo the growth
rates.In the one-modeapproximationthe eigenvectorsead

in EC,
~19
in ATC,

instability @4# The symmetrypropertiediscussedn Sec.ll
leadto the distinctionbetweentwo typesof roll modes@5#
thenormalrolls, of wavevectorq parallelto & whereS ~16!
is not broken, consequentlyn,5 g5 0: normal rolls are
purely two- dlmen5|onalmodes and the oblique rolls, of
wave vector g5 gAL py with qpb 0, where S is broken.
Consequentiytwo variants exist: the “zigs" with q,p. 0
andthe “zags" with g. 0,p, 0. Thesemodesare threedi-
mensionalsincen, andg are nonzero-neverthelesshe ver-
tical averageof n, andg vanisH.

In ATC onehascritical normalrolls @3# In EC, atlow v
one®ndscritical obliquerolls, whereador v largerthanthe
Lifshitz frequencyv 5 0.8¢23 the critical modesare of the
normal-roll type. At large v, but still below the crossover
frequency to the dielectric regime (vp5 4.0t22), the
charge-focusingnechanismbecomesless ef®cient.Conse-
quently, the convectiononly setsin with narrowerrolls (g,
increasewith v), whereall gradientsincreasefor compen-
sation,andat highervoltages(R. increasewith v). In this
““high-energy" limit where also the dielectric torque stabi-
lizing the planarcon®guratiorgetsvery large, the damping
constantl/t of the ““forced" roll modeis very large.

B. The director modes

At ®xedq, in additionto the roll modesV,(q;R) 19,
there exists an in®nite number of linear eigenmodes
V(g;R) with discreteeigenvalues ,(q;R). For R closeto
R., the correspondingrowth ratesRe,s ,(q;R) ..are nega-
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tive for all m and g and typically maximalin the homoge-
neouscaseq5 0 @7# In our regimewherethe dampingof
the director ®eldis by far the weakestthe small valuesof
Re,s (0;R) .uareassociateavith directormodes.They are
determinedby the linear diffusion equationsfor n, andn,
with ],5 ],5 0 ~then n does not couple with the other
®elds:

911105 kaol 20y,

for EC @eee.g.,Eq.-A31# Theequationdor ATC aresimi-
lar exceptfor the absencef thedielectrictorque(} e,). The
system21! admitstwo families of lineareigenmodesthen,,

91]1n,5 k1121 e,RIn, 21!
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modes ny5 S(z),n,5 0, and the n, modes n,5 0,
5 Sy (2). We call the modesof largestgrowth rate @r m
5 1,i.e.,with anevencosinepro®leS,(z)5 cosf)] the twist
modeandthe splay mode,respectively For the twist mode

V;5,0,5,~2!,0,0,0.,. 22
with the notations~10!, one®ndse.g.,the growth rate
k k
s152 -2 inEC, s{52 -2 inATC. 23
g1 F

Theratio of s to the growth rate of the critical roll modeis

k22

eZl

St

————5ts.ef L.
S~Q;é

in EC

kssqgl kzngl k112 éR¢

24
k22

621

kgsqgl kzngl Kip

where simple approximationsof the characteristictimes ¢
havebeenused@eeFig. 1-a for a comparisorwith rigorous
calculationsn EC# The orderof magnitudeof the ratio 24!
is 2 Koo/ (Kasl k) €# 1. 2 0.25¢7 1: it is very negativeonly
for very small e. The twist mode should thereforebe in-
cludedin the activemodebasis.Indeed we will showin Sec.
IV thatits slow linear dampingcanbe compensateditherat
quadraticorder @rmN,(V,V) in Eq. <L1'#or at cubic order
@rm N3(V,V,V) in Eq. 411# by a coupling with two roll
modes. On the other hand, the splay mode Vg
5,0,0,5/(2),0,0.,. which has a growth rate of the same
magnitudeas s, can only be excited at cubic order for
symmetryreasons@8# We havecheckedhatthe excitation
of Vg alwaysoccursfar abovethethresholde,g of excitation
of V1 Sec.lV!. Thereforethe splaymodewill notbekeptin
the active modebasishere.Note that the quasihomogeneous
twist modeswith long-wavelengthvariationsof small wave
vector q play no role for perfectroll or bimodal structures
and have only to be consideredin the caseof modulated
structuresSec.V!.

IV. NONLINEAR ROLL SOLUTIONS

The inclusion of the twist modein the active modebasis
lifts the simple symmetry rules which exclude quadratic

in ATC,

resonantermsin the standarcamplitudeequationsThusthe
treatmentof the quadraticnonlinearitiesrequiressomecare;
for this reasona generalextendedWNL schemeis intro-
ducedin AppendixB. In Sec.IV A this schemes appliedto
calculatethe amplitude equationswhich couple the ampli-
tude A of aroll modeto the amplitudew of the twist mode
@qg. 294 In Sec.lV B the abnormal-rollsolutionsof these
equationsare studied,and in Sec.IV C the oblique-roll so-
lutions are studied.The nonlinearitiescontrolling the values
of all the coef®cientintroducedin Sec.lV A aregiven. This
allows one to give a precisephysical interpretationof the
mechanismivolvedandto introducein Sec.lV D ageneral
principle to interpretthe roll-twist interactions.

A. Calculation of the roll-twist amplitude equations

We apply the schemeof AppendixB to roll structuresof
®xedwavevectorg. Only two activemodeshaveto be con-
sidered:the roll modeV;(q) 49 and the twist mode V;
~22!. Accordingto Egs.B8! and-B12, the corresponding
WNL solutionassumeshe form

V5 VAL V. 5 @V;~qll c.c#l w1l V. , 25

wherethe passivepart reads

015 .7 rigorous ]

o — approximation

FIG. 1. In EC or N5!, as a function of the
dimensionlessrequency v p5 tcpv: & solid
line: growth rate s of the homogeneougwist
mode, in units of the normal-roll characteristic
time ¢4 at g5 q.X Dottedline: analyticapproxi-
mation-24. ! Saturationcoef®cieng, 30! of
L the normalrolls.

0 1 2 3 4 0 1 2
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V. 52 L21@I,~V,a,Va!2 N ~q! N~V VA 8DV, !
2 /\U1~2 q| 1N2""VA yVA!&)Vl“‘Z q'
2 Nt ,Np-Vp VA 8DV

U,(q) andU+ arethe adjointroll andtwist modes@eeEq.
~B3l# Introducingthe coef®cients

b,~q!5 "U,~q!,No,Vi~qlW/1.&

9-q!52 "J1,N,Viqlw,-2 q!.& 26!
one obtains
V. 5 IAF V,0,2 q!1 @%V,~q,q!1 c.c#
1w@V,q,T!1 c.c# 27

where
V,~q,2 q!52 L2'@,,V,~q!w/;~2 q!.1 g~q!DeV#
V,~0,9!52 L2IN,,V,;~q!,Vi~q!.,.

V,~q,T152 L21@l,,V,~q'Wr.2 by~q!DeV,~ql#
28!

By projecting Eq. 41! onto U4(q) and U @eealso Eq.
~B13# onearrivesat our ®rstsetof coupledamplitudeequa-
tions

2 6!
J,A5 %%ﬂz gqAFL byl 2 b3~q!W2D,
q

~29d
J w5 @2 g, W1 GqllAd#2 g~q!lAf, 290
whereadditionalcoef®cienthravebeende®ned:
gq92 "U1q!,N,,Viq'w,q,2 g ...
1 N,,Vi~2 q'u/5q,q!.1 N3,Vi~q'v/~q!'uv/12 q!.&

~30!
b3~q!52 "J31q! N, ViWoq, TH1 N3, VW W1g!.&

31

U
gW52 AUT,N3~VTWTWT!& T, "32'

Gq!5 G,q!'1 G3q!, with
G2“q|5 AUT,NZuVl"q!L\/Z“‘Z q,T'

1 N211V1~2 qlu/2~q!Tl &

Gsq'5 AU+ ,Ng,Vi~q! V=2 q'0/7.& 33

Note that for wb 0, Eq. 29d reducesto the well-known
Landauequationfor theroll amplitudeA, describinga super-
critical bifurcationsinceg,. 0. We havenot scaledout ¢
and g, asusual,in orderto clearly separatethe linear and
nonlineareffectscontrolling the value of A.

EXTENDED WEAKLY NONLINEAR THEORY OF PLANAR . ..

1753

B. Rolls with a normal wave vector

The amplitudeequations29 mustbeinvariantunderthe
globalsymmetryS ~16!, which transformgy into S(q) andw
into 2 w. Thereforethe coef®cients,(q) and g(q) vanish
for rolls with a normal wave vector g5 gX such that g
5 S(q). After eliminationof LAl in Eq.~29d andinsertion
into 290, onehasto solve

@12 g, W1 Gq!A~q; e Wl f#ns 0 34
for the stationarysolutions.Clearly the branchwbs 0 corre-
spondsto the standardnormal-roll solutions,

2 !
AL eo‘q’
tq9q

The effect of the coef®cient(q) in Eq. 29b, which turns
out to be always positive, is to enhancea "uctuation of w
aboutthe normal-roll solution-35!. Indeed,two rootsof the
cubic equationin w ~34!, which were complexat small e,
becomereal when e getslargerthan

ws 0. 35!

g
era!5 6!l eg:~q!, where e8;q!5 uquu&_;!'
36!

At this point a bifurcation from normal (qi )€~\W5 0) to ab-

normal rolls (gi®wb 0) occurs, which correspondsto
breakingthe symmetryS ~16! without tilting the rolls see
@5# for an identi®cationof this instability in EC!. We will
now study the coef®cientsleterminingthe thresholdof this
bifurcationandthe ensuingsaturationof the twist amplitude
w; if not otherwisestated,we will considerrolls at g5 qc.

1. Threshold of the abnormal-roll bifurcation

The abnormal-rolithresholde,g(q) ~36! is controlledlin-
early by the growth rate s 1 of the twist modein ¢ * units,
nonlinearly by the saturationfactor g, in the A equation
~29d, andby the couplingcoef®cients(q) in the w equation
~29h.

In EC, thelineareffectstendto favor theabnormatkolls at
high v, where u stubecomesvery small @ig. 1-al# This
indicatesthat the rotation of the director in the horizontal
planebecomegelatively easierat high v, as comparedwith
the excitationof the splay-bendh, modeassociatedavith the
roll modes@f. Eq. 24! for ts+5 es+/s(q;e€), andthe dis-
cussionin Sec.lll A#

The ®rstimportantnonlineareffectis the saturatiorof the
amplitude expresseddy the coef®cientg,. This has been
®rst studiedsystematicallyfor ATC @9 In EC, the most
important saturating -positivéd contributions are P11 the
contributions of Ngf,Vi(qQ)W1(g)W/1(2 q)... due to
$5,QE. ] Xng, which indicate that the chargefocusingbe-
comesless ef®cientwith increasingn, @omparewith the
linearterm2 s ,QE, ] n, of Eq.-A1!, quotedin Sec.lll A,
and note the oppositesignt and P2 the contributionsof
Ngnz,,vl(q)ull(q)ull(z g) ..dueto az(]xvz)nf, which indi-
cate that the shearexertedon the director by the vertical
“ows diminisheswhenthedirectorrotatesupwards@ompare
with the linear term 2 a,],v, in Eq. ~A3!# Both P1I and



1754

EMMANUEL PLAUT AND WERNERPESCH

PRE 59

0.10

005 |-

extended WNL |
[ numerics
0.00 | L |

0 1 2 3 4

®cp

|‘~=I L L
0 o, 1 2 3 4

FIG. 2. In EC, for rolls with wavevectorg5 q.(v )% -a nonlinearinteractioncoef®cienta(q) ~thick line! betweenthe roll and twist
modes@¥. Eqgs.-290, 33# The contributionsG,(q) -thin line! and G;(q) ~dottedline! of the quadraticand cubic nonlinearitiesin the n,,
equationareshown.b! Reducedabnormal-rollthresholdeg:(q) obtainedfrom the extendedWV/NL expression36! ~thick line! or from the
numericalcomputations@5# thin line!. The normal-roll thresholdey(q), only slightly positive for frequenciessmallerthan the Lifshitz

frequencyv, 5 0.8t25, is shownwith the dottedcurve.

P2 aregeneratedy the quadraticcorrectionsto n, dueto
the distortionof the director®eldaboveonsetof convection,
i.e., by insertingin the equationsn,5 12 3(n’1 n2) from
thedirector-normalizatiowonditionn?5 1. We thereforecall
~P1 and~P2 ““geometricakorrections"to the quotedliinear
terms,wheren,5 1 istaken.Thedependencenq.(v) ~cor-
respondingo horlzontalgradlents of the contributionsP1l,

togetherwith the fact that YAuin the linear mode 19!
decreasestrongly with v, leadto a strongincreaseof the
contributionsP1 to g4 whenv increasesThe dependence
on q.(v) of the contributionsP2 rendersthem also much
largerwhen v increasesThe mostimportantantisaturating
~negativé contributions are N1! the contributions of
N3 . V1(Q)W1(q)W1(2 0)..dueto ay(] Vy)nZ, whichindi-
catethatwhenthedirectortilts upwardsjt becomesensitive
to the horizontal ows which tilt the director further as do
the vertical ows at linear order; N2! the contributionsof
Nan_,V1(Q)W1(a)W/1(2 q)..dueto 2 e,(Eqp)®n3, which
signify that the stabilizingdielectrictorque @eeEq. -A4'#is
reducedwith increasingn,; and -N3! the contributionsof
N3tV (Q)W ()W (2 q)..dueto the sourceterm (a1 a,
1 a3)]x@]xvz)n§# in the evolution equationfor v,. This
indicatesa decreasef the effectiveviscosityfor the vertical
“ows in the rolls, since with increasingn, the highest
Miesowicz viscosity geometryc is gradually left for these
“ows. The negativecontributions-N1!, N2!, N3! increase
lessstronglywith v thanthesaturatingonesP1, 2. Con-
sequentlyg, increaseswith v @ig. 1-b/#% Note thatall the
effectscontrolling the value of g, in EC existalsoin ATC
@9 providedthatthe chargefocusingin P1 is replacecby
the heatfocusing-seeSec.4.2 of @3#! or that the electric
®eldin -N2! is replacedby a planarmagnetic®eld-this was
predictedto leadto a subcriticalbifurcationin ATC in @3#.
The nonlinearcoef®cientdirectly responsiblefor the bi-
furcation 36! towards abnormal rolls is G(q)5 G(q)
1 G;(q) 33. In Appendix C we give an analytic approxi-
mation of G(q) within the one-modeapproximation.The
contribution G;(q) of the cubic nonlinearitiesindicatesa
renormalizationof the dampingof the twist modeby a cou-
pling to the roll modes.lt is dominatedby the contributions
of a,(J,vynny in Nsny,,vl(q)u/l(z g)W... The corre-

sponding mechanismcan be interpretedaccordingto the
principle that the director tendsto rotate away from the

velocity gradientsand thereforeout of the (x,z) planedue
to the a, term in Eq. 2!. There exists also a second-
ary mechanismof elastic origin, due to the term 2(kas;
2 kyy)(J4n Z)zny, which correspondso a releaseof bendby
twist. Sincethe bend energyis proportionalto g2(v), this
mechanismis only ef®cientin EC for the narrow rolls ~of
largeq.) at high frequencyv -AppendixC!. The contribu-
tion G,(q) 33 of the quadraticnonlinearitiesindicatesan
indirect renormalizationof the dampingof w, which occurs
through the ~possiblé excitation of the quadratic mode
V5(q,T). In EC, G,(q) becomedargeonly at high v @ig.
2-al# in ATC, G,(q) is always one order of magnitude
smaller than G;z(g). The correspondingmechanismsare
studiedin AppendixC.

In EC, theincreaseof G(q) with v @ig. 2-al# favorable
to the abnormalrolls @eeEq. 36!# is roughly compensated
by theincreaseof g, with v @ig. 1-b!# Thusthe decreasef
the linear growth rate u stu @ig. 1-a# appearsto be the
main causefor the decreasenf the abnormal-rollthreshold
ed-(q) 36! with increasingv @®ig. 2-b!# The values of
ed-(q) 36! matchthoseof the fully nonlinearcalculations
@5# at high frequency. At low frequency, discrepancies
show up which are dueto nonlineareffectsof higherorder
not includedin Eq. 29!. Their in"uence growsin the limit
v! 0, sincetherethe bifurcationto abnormalrolls occursat
increasingly higher e and A. In ATC, we ®nd exr(q)
5 0.11,avaluelargerthane,, ~Sec.V!. This agreeswith the
experimentswherethe normalrolls at small e are ®rstde-
stabilizedby zig-zagmodulations@4#

2. Saturation of the abnormal-roll bifurcation

Thesaturatiorof thedirectorrotation(wp 0) in abnormal
rolls appeardo be indirect it is not controlledby the clas-
sical saturatingterm 2 g,w? in the w equation290, but
ratherby the couplingterm 2 b(q) w?A in the A equation
~294d. Indeed,the abnormal-rollsolutionsof Eq. 29 read,

for e. exr(Q),

1
WAL anﬁ exrq! 1

1

bq
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1 e2e !
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FIG. 3. Director amplitudesn,(¢e) -thin line! andn,(€)5 w(e)

~solid line! for EC in roll solutionsat g5 gV cp5 3 @eekEq.
~-381# The normal roll NR! branchn,(e); Ae,w(€)5 0 becomes
unstableat €5 e, with respecto thetwist mode.In the subsequent
abnormabolls ~AR!, n,(e) remainsroughly constantwhereasy e)
increasesas Ae2 e,z @eeEq. 371# The openand closedcircles
showthe numericalresults@5#for n,(€) andw(e), respectively.

with 8,5 1/A%,9q,be5 9494/ @3(a) G(a)# This latter coef-
®cientis always small, for instance,in EC b5 0.077 at
Vcpd 0.5 and b5 0.0015 at v p5 4, while in ATC, by
5 0.034.Thus,to lowestorderin by, the amplitudeA stays
constanfor e. e,g, andthesaturatiorof wis clearlydueto
the b5 effect. For q nearq.,b5(q) is alwayspositive,indi-
cating a negativefeedbackw! A in Eq. 290. In EC and
ATC, two leadingcontributionsof N5,V+,V+,V4(q)..domi-
nateall the otheronesin b3(q). Oneleadingcontributionis
dueto 55,QEapd «(Non,) from N, V1,Vr,V4(q)..in EC
and 3 k,R]«(ngn,) from N3, V7 ,Vr,V4(q)..in ATC. These
termsare geometricalcorrections@nalogousn principle to
the term P11 of Sec.IV B 1# to the focusing-mechanism
termsin Egs.-Al! and-A2! for the scalar®eld.Theseterms
indicatethata directorrotationawayfrom theroll wavevec-
tor (n, large diminishesthe chargeand heatfocusing.The
seconddominantcontributionto b3(q) 31! is, bothin EC
and ATC, due to the term 2 wawn’(J,v,) from
N3n ,V7,V7,Vi(0)... It is a correctionto the linear torque

W,y ,v, in the n, equation-A3!, which indicatesthat when
the directorrotates the shearinducing of the n, modulation
also becomesless ef®cient.In EC, bs(q) drastically in-
creaseswith the frequency: b35 0.036 at v. 0, while b,
5 2.99at v pb 4. Thisis mainly dueto the fact thatthe roll
modesat high frequencybecomemoresensitiveto the f and
n, effects mentionedabove. Typical amplitudesn,(e) and
w(e) of the n, and n, distortionsgiven in abnormal-roll
solutionshby

n,52 n,~e!'S;~z!singerl h.o.t.

52 2A~elS;~z!singerl h.o.t,,

nyS w-e'S;~z!1 h.o.t, ~38!
accordingto Eqs.25!, 419, and-22!, areshownfor EC atan
intermediatefrequencyin Fig. 3. Note that w determinego
lowestorderthein-planedirectorat the midplaneof the layer
sincethere @9#
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Note alsothat the order-parameteschemeup to cubic order
breaksdown if n, or w becomedargerthan 1. The ampli-

tudesn,(e)5 2A(e) andwe) 37! matchthe numericalpre-
dictionsof @5#only for e nottoolarge,suchase& 0.2in the
exampleof Fig. 3. At higher e, the valuesof w(e) 37! get
systematicallymuchlargerthanthosegivenby thefully non-
linear Galerkin computationsindeed,the saturationof w in

Eq.-29 is very weak;i.e., in thefull equationshigher-order
effectsnot includedin the order-parameteapproachcome
into play at thesehigh e, high w values. The deviations
becomemore importantat low v in EC, where b5 is very
small andthus w(€) 37! reachesl for rathersmall g, e.g.,
for e. 0.15atv. 0.

Thereexist specialcasesvhere b;(q) canbecomenega-
tive, i.e., the abnormal-rollbifurcation doesnot saturatein
the frameworkof Eqgs. 29 @O0# This occursin EC at low
frequencyfor q largerthanq., e.g.,q. 1.20g; atvp5 1, 0r
in ATC for q. 1.451.. The important negative term in
b3(q), which counteractsthe effect of the positive terms
discussed here above, is a contribution of
NanV7,Vr,V1(q)..dueto 3(2kp2 3ksgnijZn,. It signi-
®esa reinforcementof elasticorigin of the n, distortionin

rolls when the director rotatestowards6 ¥ Such *“narrow
abnormalrolls” are neverthelesobtainedin the Galerkin
computationswhere apparentlyhigher-orderterms not in-
cludedin Eq. 29 becomeimportant.

39!

C. Oblique rolls

In the caseof zigs of wave vector g5 gqxl p¥with g,p
. 0,thecoef®cientg(q) andb,(q) in Eq.29 arenonzero.
The symmetryrule ~16! now only imposesthat g(q) and
b,(q) changesign when passingfrom the zig q to the zag

S(q)5 X2 py The correspondingstationary solutions of
Eq. 29 canstill be calculatedby elimination of A and so-
lution of a cubic equationin w, but the expressiondbecome
quite lengthy. The resultis the existenceof a ““generalized
abnormal-rollthreshold" e,g(q), which reduceso Eq. ~36!
for p5 0, and which increaseswith increasinguypu For e
, exr(q) only onerootis real,i.e., only onesolutionbranch
exists;whereador e. exg(q) all thethreerootsarereal,i.e.,
two additionalsolutionbranchesappear Sincethe new solu-
tions, which onemight call “anomalous"obliquerolls @1#
aretypically unstableagainstiong-wavelengttperturbations
~exceptunder certainconditionsat ratherlarge e, see,e.g.,
@5#! we will discusshere only the structureof the ®rst,
moststablesolutions.They arewell approximatedat small e
by the standardVNL solutions,wherethe cubic effectsin w
areneglectedj.e., b3,9,,G5 0 in Eq. 29. One®nds,with

Cqd bo(a)g(a)/(gq 1Y,

2 e,~q! !
0~d W52 g4

11cq '’ u;TuLAG'

WA a, ~40

In zigs(p. 0), dueto the torque" 2 g(q)LA in the wEq.
~29b, where g(q) is always positive, the director rotates
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n,(€) = O(€) FIG. 4. In ATC ~or 5CBI,
09 F——T T T 0.0 ,V S ] comparisorbetweenresultsof the
08 1 ] o1 | - standardWNL theory andthe ex-
07 ] Y% A N h tended WNL theory @e., G,bs
06 - L b 0 in Eq. 29#for the amplitude
05 I 03 3 of n, Heft! andof the twist mode
04 - 04 | . ~ight! in an oblique-roll solution
03 ] 05 L ] of Eqg. 29!. The linear threshold
o2 /T standard WNL I standard WNL &(g)5 0.013is markedwith the
0.1 extended WNL 06 - extended WNL crosses.Note the increasingde-
O e R T e e s e Ylonsiom the WL resultsA

e e } Ae2 ey(a),u} @2 eo(a)#

(w, 0) towardsthe direction of the axis of the rolls or,
equivalently,away from the wavevector (pw, 0). This ef-
fect hasbeenin fact pointedout in @6,2%for ATC. The
quadraticnonlinearitiesof the n, equationwhich controlthe
value of g(q) 26! arethe advectionterm2 g,v,],n,, the
a, termsaz(]xvx)ny andua, (] Zvy)nZ @ne superscripf de-
noting the velocity componentgeneratedy the potentialf,

seeEq. 9% and the elasticterm ~only importantin EC!

2 (kq1l k332 2k0) (J«n,)(/yn,). Sincethe a, contributions
arein generaldominant,this torque exertedby the rolls on
the director can also be understoodrom the principle that
the directortendsto avoid the velocity gradients.The satu-
ration of theroll amplitudein Eq.~40! is clearlyenhancedy
the b, effect@. c,} b,(q)]. Indeedsinceb,(q) is positive
for all zigsatq. g, in the normal-rollregime-~usualcasein
ATC, casev. v in ECl, thel by(q)wA termin Eq.29d

indicatesthatthe rotationof the directortowards2 Yin zigs
(w, 0) inducesa negativefeedbackon A ~asdoesalsothe
bs term, but at a higherordet. We ®ndthat b,(q) 26! is
dominatedby two contributionsof N,,V+,V1(q)... The ®rst
onecomesfrom theterm2 s,QE,,4 y(nyn,) in the electric
potentialequationin EC andfrom the term 2 k,R](nyn,)
in the heatequationin ATC. The seconddominantcontribu-
tion arisesbothin EC and ATC from the term wa,wny (] yv,)
in the n, equation.Thesetermsare correctionsto the linear
focusingterm @eeEgs.-Al! and-A2!# andto the viscous
torquein the n, equation-A3!. They also signify that a di-
rector rotation away from the direction of the wave vector
(pny, 0) reduceghe ef®ciencyof the focusingmechanisms
of convection(A diminishes.

The simple expressionsEq. 40! of the standardWNL
obligue-roll solutionsareof coursemodi®edoy theinclusion
of the effectsof b3,9,, andG in Eq. 29. The corrections
readat small e

399'@,q!Gq!l by-q! gq'#
a 2-11 cy!%45 18y,

A2 a @2 e-q!#7?,

B g-q! b3~q!g°~q!/ggs T2 G

WAd.
LETl} 11 Cq

41

Becausef the G and b effects,alAy 0: theroll amplitude
is alwaysstronglyreduceddueto the in-planedirectorrota-
tion, asshownin Fig. 4 for ATC. The full solutionsof Eq.

29 havebeencalculatedfor a representativexperimental

oblique-roll wave vector g5 1.07q.(Acos8EL Ysin8E) @4

Theamplitudesplottedin Fig. 4 arestill de®nedccordingto
Eq. 38!; in fact in oblique rolls thereis also a periodic
contributionof theroll mode-19! to ny, butthis contribution

} A(e)ﬁ; is dominatedby the contribution} w(e) evenat
very small e values,e.g.,for & 0.04in the exampleof Fig.

4. The strong deviation from the standard WNL law

n,(e),A(e)} Pe2 e,(q) ~40!, hasbeenobservedexperimen-
tally @0# seeFig. 9atherd, andconstitutesan experimental
con®rmatiorof our analysisfor ATC. The correctionto the
WNL solution~40 for w,dw 41!, is usually negative-asin

Fig. 4! sincegqs 1UG(q). b3(a) g(q). Providedthe reduc-
tion of A dueto the b5 termis not too strong,the angleuwu
increaseshecauseof the G effect. It is only when b3 gets
very large, for instance for the obliquerolls at g, in EC at

very low frequency thatthe w correctionscanbecomeposi-

tive: thereductionof A is thenso strongthatthe angleof the
in-plane rotation is diminished. Note that the range of e

wherethe standardWNL solutions~<40 remaina good ap-

proximation typically extendswith increasingp. The con-

tinuous transformationfrom a quasilinearlaw w(e)} 2 @

2 e(q)# at large p @f. Eq. 40# to the squareroot law

we)} 2 Ae2 exs er atp5 0 @F. Eq.87#is visiblein Fig. 2 of

@5# Thusthe zig solutionsp. O,w, O arecontinuouslyat-

tachedto the abnormal-rollsolutionswith w, 0 in Eq. 37!.

It appearsthereforejusti®edto introduceas a generalized
de®nitionof “zigs" the criterion w, 0, with which boththe

obliquerolls with p. O,w, 0 andthe abnormalrolls with p

5 0,w, 0 areconsideredo belongto the sameclassof so-

lutions.

In somespecialcasesb,(q) canbecomenegativein zigs
for p. 0,i.e.,thein-planedirectorrotationreinforcestheroll
amplitudeto lowestorder @, becomesiegativein Eq. 40!
This occurs ®rstin the oblique-roll regime in EC for v
, VL. Then,at g5 q.,b,(q) is slightly negativefor 0, p
& p. and becomesgositive for p* p.. The importantnega-
tive termin b,(q), which counteractshe positivetermsdis-
cussedabove,is a contribution of NZnZ,,Vl(q),VT...due to

2(ksa2 kap) [ x(Jyn)ny . It implies an elastic reinforcement
of the n, distortionin zigs whenthe directorrotatestowards
2 Y This termleadsalso, at ®xedp, to a decreasef b,(q)

with increasingq. Thusin EC and ATC in the normal-roll
range,b,(q) canbecomenegativeat ®xedp for g largerthan
d. -e.g., at p50.05,, for gq. 1.19. in ATC, for ¢

. 1.049. in ECatvpb 1).

D. Interpretation: director twave-vectorfrustration

The amplitudeequations29! display, in the most com-
mon normal-roll regimewhen .5 g- and g5 gL pfis



PRE 59

not too far from q.), the competitionbetweentwo opposite
tendenciesOn the one hand,the roll dynamicsEq. 294 is
controlled in this regime by the fact that b,(q)p
. 0, b3(q). 0, thesecoef®cientdbeing dominatedby non-
linear correctiongo the linearfocusingmechanismerms-n
the loose sensej.e., including all the terms contributingto
the instability loop quotedin Sec.Ill A, in particular,the
viscoustorquein the n, equatioh. Theseb, and b; terms
changethe linear growth rate of the roll modes~-20! into an
effective~"nonlinear"! growth rate

e2 e—q!
s¢fig;el5 t—rql b,~q!w2 ba~q! WA

q

This effective growth rate is maximal for whs w,p{q)

5 by(q)/@b3(q)# Sincew,,(q) istypically betweerD and
p/q, thismeanghat-M1! thefocusingmechanismsremore
ef®cientwhentheroll wavevectoris roughly parallelto the
director.On the otherhand,the dynamicsof the twist mode
Eq. 290 is controlled in this regime by the fact that
g(q)p. 0,G(q). 0. Thesecoef®cient@aredominatedby the
a, contributionssignifying the tendencyof the director to

rotate due to the viscoustorquesaway from the velocity
gradientsand thereforeaway from the wave vector of the
rolls. The g and G termsthusindicatethat-M2! the director
is pushedby the rolls away from their wave vector. The
competitionbetween-M1! and-M2! resultsin a “directort

wave vector frustration." A ®rstmanifestationof this frus-
tration is the bifurcation from the normal to the abnormal
rolls, in which the rolls almost ““destroy" themselvesin

abnormalrolls the director rotation is clearly due to ~M2!,

and the subsequentsaturation of the roll amplitude
(Auy constfor e. eag) dueto -M1!. We will seein therest
of the paperthat this frustrationhasotherimportantconse-
guences.

V. LONG-WAVELENGTH ZIG-ZAG INSTABILITY
OF ROLLS WITH A NORMAL WAVE VECTOR

In EC for frequenciedargerthanthe Lifshitz frequency
v, or in ATC for usualnematicspone®ndsnearonsetnor-

malrolls at g5 q.5 g% Accordingto Sec.lV, thesenormal
rolls canundergoa secondarybifurcationto abnormalrolls
at rathersmall €5 e g. However,anotherpossiblesecond-
ary bifurcation is the long-wavelengthzig-zag instability,
whereundulationsalongthe roll axis areampli®ed.This in-
stability is a genericfeature of planar nematic convection
@7# which thus competeswith the abnormal-rollinstability
~f. Fig. 3 of @5#! On the basisof a WNL analysisin EC, a
®rstmechanismhasbeenidenti®edfor the zig-zaginstabil-
ity, which relies on the coupling with the so-calledmean-
“ow modes@5# Thesearepassivemodesthatareexcitedby
roll undulations,but since their adiabatic elimination can
lead to nonanalyticities,a separateequation @nalogousin
principleto Eqg.-B11#hasto be keptfor them.Nevertheless,
strong discrepanciediave remainedbetweenthe results of
the standardWNL analysisas exposedin @5,23# and the
Galerkin computationsor the experiments.Typically, the
standardWNL thresholdsfor the long-wavelengthinstabili-
ties are muchtoo large aswas notedin @7#for EC andin
@4# for ATC. In this sectionwe want to show that these
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discrepanciegan be resolvedby taking into accountaddi-
tional cubic nonlinearities@q. 46'# which couplethe twist
modeandtwo roll modes.Thesetermsare consideredo be
of higherorderin the standardVNL approachWe will also
analyzein detailthe microscopicmechanismsontrollingthe
zig-zag instability and the subsequentestabilizationof the
abnormalrolls in EC.

A. Roll-twist-mean-"ow amplitude equations

To describelong-wavelengthinstabilities,the schemein-
troducedin Sec.IV A hasto be generalizedn orderto cal-
culate modulated-rollsolutions. The schememust also be
combinedwith the methodexplainedin @5#to extractthe
~possibly singularmean ow. One startswith a superposi-
tion of roll modes~19!

Violisd E dg A—g!'V;q!l c.c. A+!V,;.!'lc.c,
V~q,!
’ 42

whereV(q.) is adomaincenterecaroundq., andthe slowly
varying envelope

A~15 E dg A~qle' ™92 dctr ~43

Vq!

hasbeenintroduced.
The long-wavelengttpartV,y of the solutionis thende-
®nedto lowestorderby

DJiViw2 LV w5 I

5 EdsE dg A-q!

V-0! V~g!
3 A2 gl sIN,,V;q'w;~2 gl d...
~44

The velocity ®eldin Eq. 44! can be treatedwith the tech-
nique introducedin @5# One solvesfor a modi®edright
hand side where only the sourceterm in the g ®eld is
retained and projected onto the Hagen-Poisseullepro-
®le P1(2)5 3(p?/42 z%) according to |y, " ,,& (6/
p2)"P(2), 2¢(S:2)& this givesthe mean- ow contribution.
We also isolate the twist amplitude w as the amplitude of
Si(2) in the n, ®eldof V|, @f. Eq. 22'# and get after
adiabaticelimination of the other®elds

Vw5 Eﬂ'ds@ﬁs! V1€'ST1 G~8lVyee'®'1 ViSisl #

5 w-!1V1l GVl E dsviSi-s!, ~45|
V-0!

with V5 ,0,0,0,0P,(2)...

Finally, thereare passive short-wavelengtltontributions
to the solution. The harmonicsabout 6 2q, are standard.
Additionally, we take into accountthe terms generatecoy
N,,V1(q)W/e'S".,.with wavevectorsaround6 q.. There-
sulting quadraticmodesV,1(q,s) are calculatedwith the
projectortechniqueof Appendix B. They contributeto the
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FIG. 5. Growth ratesof long-wavelengthperturbationmodes
aVvs a; Vi(qcl 9)1 a, V4(qc2 9) of the normalrolls at g5 g, in
ATC asa function of the modulationanglearg(s). The prediction
of a zig-zaginstability at €5 e,;5 0.062from the extendedWNL
analysis-thick line! agreeswith full nhumericalresultsand the ex-
periments.The standardVNL analysis~thin line! predictserrone-
ously a skewed-varicos@nstability at arg(s). 50 ,e5 eg\5 0.15.

solutionwith anamplitudeAw. The higher-ordertermsthat
we includein our analysisare the termsof order A’w gen-
eratedby thesequadraticnodesanddirectly by the coupling
of the twist modewith the roll modes:we addto the right
handsidel, of Eqg. 44! a contribution

135 EdsE qu dg8u~slA~q!A~g8

V-0! Vg ! V-2 qg!
3 @N,,V,1q,s'W;~q8 .1 N,,V,r~q8sluv/~q! ...
1 N3, Vi~qlw/;~q8 W/+e's" # ~46!

This addition is consistentwith the schemeof Sec. IV A,
sincea particularcontributionof Eq. 46! in the n, equation
leadsfor (s,04,995 (0,9¢.,2 q.) to the term 1 G(q.)LAEw
responsibleof the abnormal-rollbifurcation. The important
point is that Eq. 46! alsoinducescorrectionsto the mean-
“ow equationswhich turn out to resolve the dif®culties
guotedin our Introduction.Forinstancejn ATC thestandard
WNL analysispredictsa skewed-varicosénstability of the
critical normalrolls at eg\/5 0.15,in contradictionto the ex-
perimental®ndingsvhich showrathera zig-zaginstability at
muchsmallereg(e,z. 0.05accordingto Fig. 4 of @4#! The
inclusion of the terms 46! in the perturbationanalysisof
normalrolls drasticallychangeghe form of the growth rate
asa function of the modulationangle~Fig. 5! andleadsto a
zig-zaginstability at e,,5 0.062 comparableto the experi-
ments. Since the zig-zag modulationsare also for EC the
most dangeroudestabilizingmodesof rolls with a normal
wave vector,we now disregardthe generalskewed-varicose
case.Using the methodexposed,for instance,in @5% we
applyaninverseFouriertransformto the evolutionequations

EMMANUEL PLAUT AND WERNERPESCH

PRE 59

for A(q),m(s), and G(s) obtainedin Fourier space.This
yields from expansionf the coef®cientsn powersof the
wave vectorscorrespondinglerivativeterms.Onearrivesat
thefollowing systemof equationdor theroll envelopeA, the
twist amplitudew, andthe mean- ow amplitudeG:

1] A5 @-12 €3] 711 1,] 7#A2 LAFA2 aslAR]7A
2 agA?]SA* 2 ag] AI?A* 2 ;0 ,AFA2 is;A] G

2 ib;A] W2 ib,w] A2 BUWA, ~47d
Jw5 ~s11 K] 5wl i g8 ~-A*] A2 AJ A*!
29, W1G, AFw, ~470

05 np] 2G1 iqa] 2-A* ] A2 A] A* 11 Gg] 2~AGW,
~47d

where we haverecalledon the left hand side someof the
time-derivativeterms@2# Notethatthe A equatiorhasbeen
multiplied by the characteristictime ¢, and that the roll
modeshave beenrescaledfor convenienceby a factor aq,

5 1/quc ~this amountsto rescalingthe amplitudesby a
factor1/a, ). Somecoef®cientsn Eq. 47! arelinked to the
coef®cientappearingn Eq. 29 for nonmodulatedolls:

b,q.l pf
b,5 IM—CWU . b5 thsq.!,
Ip 05 0

, 119-a.1 pft

$ a; =
g Ip

"5 48|

ps0,  GuS ag Gl

A typical setof coef®cientss givenfor ECin Tablelll. Note
that to lowest order in the amplitudes+47! reducesto the
anisotropicGinzburg-Landawequationfor A if wand G are
adiabatically eliminated or to the roll-mean- ow system
~35!, 36! of @5#if w is adiabaticallyeliminated.In Secs.
V B andV C we will study the stability of the normal-roll
solutionsA5 Ae w5 0 of Egs.~47!, andin Sec.V D we will

study the stability of the abnormal-roll solutions A
5 Aexrl be)/(11 b), ws Ae2 exg)/@(11 b)# of Egs.
47!, wheree,g52 s1/G, andb5 g, /(bG,).

B. Stability of normal rolls: Standard zig-zagmechanisms

The resultsof the standard/NL analysisconcerningthe
zig-zaginstability of normalrolls arerecoveredf the cubic
terms implying the twist amplitude w are droppedin Eg.
~47, i.e., if oneassumes,5 G5 0(b andg,, do notinter-
veneat this stage. In contrastto @5#the twist amplitudew
hasnot beenadiabaticallyeliminated.Thusthe contribution
of the twist dynamicsappearsnow explicitly @3# in our
formulafor the zig-zagthreshold,

TABLE lIl. Coef®cientof the roll-twist-mean- ow amplitudeequations47!, in EC for N5 at v o5 1.5.

€3 ) a7 ag dg app S b, b,

St K1 g8 Ow Gw ny s Ge

0.17 0.10 20.20 0.027 0.28 0.33 20 0.19 023 0.26 20.042 0.088 0.16 0.0052 0.37 164 454 36.8
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TABLE IV. Coef®cientgleterminingthe standardzig-zagthreshold49! for the critical normalrolls in
ATC ~®rstline!, and in EC at two different frequencies~secondand third line!. Note that the largest
contributionsto d, 49 are always the twist contribution 2b,g8 s and the mean-ow contribution
25.04/ny.
ry €3 a;2 ag 2b,98s+ 25104/ny d,
ATC 0.22 0.29 21.05 23.29 1.16 21.13
ECatveps 1 0.033 0.26 20.22 20.83 1.22 10.43
ECatvpb 2 0.158 0.085 2 0.25 2 2.09 1.07 21.19
ry . 2b,98 2s,q,4 mean ow, quite different from the standardadvection
€75 d,’ with dy5 ezl a;2 agl s 1 e mechanismsdueto thetermve* v, in the v, equation rel-

~49!

Thenumeratorr , is the squareof the coherencdengthin the
y direction, which vanishesat the Lifshitz pointin EC: r,
I 0! whenv! vﬁ ; the denominatord, hasto be positive
for a destabilizationto occur. Sinceb; and g8 are always
positive ~and s, 0), the twist contribution 2b;g8 s+ is
negative,i.e., stabilizing. The coef®cientd,; and g8 appear
to bedominatedoy the samenonlinearitiesas b, andg ~Sec.
IV C!: thefactthattherolls getstiffer by anexcitationof the
twist is alsoa direct consequencef the *“frustration" ~Sec.
IV D!. This becomesclear by inspectionof the n, and n,
®eldgyeneratedby a zig-zagperturbatiorof the normalrolls.
Using the fact that the amplitudesfor the modulationwave

vectorsé pyin along-wavelengttinstability are almostop-
posite,one ®ndsto lowest orderin the perturbationampli-
tudea:

n
ﬁ @ 2Asinq.x! 1 acosqcx! sinpy! #S,~z!
z

a
. 22A sinE1Cx2 ﬁsin-py! Gl~z!, 50d

A 98 ! ~500
w. a u;Tupcos~py..

The zig-zagperturbationcreatedocally someobliquenes®f
the rolls, i.e., a modulatedq, componentof the local wave
vector, q,52 (a/2A)p cosfy). According to -M2! ~Sec.
IV D!, the in-plane director in the regions of obliqueness
is pushedaway from the local wave vector: this creates
the splay-twistmodulation-50h ~Fig. 7! @4# Accordingto
~M1!, the feed-backof this twist modulationon the roll per-
turbationis negative.The only destabilizingtermsin d, ~49!
aretheoneof e; ~atleastat nottoo largefrequencyv in EC!
andmoreimportantlythe mean- owcontribution2s,q4/n,,
wheres; andq, are alwayspositive @5# The zig-zagper-
turbation-50d createshe mean ow

V5 ~J,G!P;~z!. aA%pz sinpy! P;~z! 51!
b

sketchedn Fig. 7. In EC and ATC, importantcontributions

to g, are given by the viscoustermsin the v, equation

as@y(Dxuy) 1 ] (D)% WhereD 5 1,v,5 ]3] They

signify anisotropicviscous mechanismf creationof the

evantfor isotropic uids whereq,, 0. In EC, additionally
the term 2e R(]Xf)(]if) from the x componentof the
Coulomb force gives large contributionsto g4. It corre-
spondsto an electric mechanisnof generationof the mean
“ow. The coef®cients; in Eq. 47d is dominatedby the
contributionsof 2 g,v,],n, in the n, equationfor EC and
for ATC. Thusthe mean ow 51!, by advectionof the di-

rector ®eldin the rolls, reinforcesthe zig-zag perturbation
~Fig. 7!. In ATC, this primary zig-zag mechanismcannot
compensateahe stabilizing twist contribution, as shown in

the ®rstline of TablelV: d,, 0 in Eq.+49!, i.e., no zig-zag
instability is predictedby the standardWNL analysis.The
twist contributionis overcompensateldy the mean- ow one
only at low frequenciesn EC, for instanceat v -p5 1 ~sec-
ond line of Table IV!. At higher v, b; and 2 2b,;g8 st

increasestrongly, and d, also becomesnegative~see,e.g.,
the third line of TableIV!. Theincreaseof the twist contri-
butions results from the contribution to b; due to term
éR]y(nyn,) in the z componenbf the Coulombforce. This
termintroducesan electricmechanisnof stabilizationof the
zig-zagperturbationby the twist ~notethatit would become
destabilizingfor nematicswith e,. 0) whichis only impor-

025 —

020 [, | -
0.15 | . N ¢ -
0.10 | | . -

0.05 [ € AR <

0.00 A L | L Py

FIG. 6. Stability diagramfor rolls at g5 q.%\in EC calculated
from Eqgs.~47!, as a function of the dimensionlessrequencyv cp
5 tcpVv. The unstableregionsarein gray.For v, v, Vg, the
normalrolls are®rstdestabilizedat e,;, -52d towardsobliquerolls
by a zig-zaginstability. For v. v g, the ®rstinstability is at exg
towards stable abnormalrolls. Abnormal rolls exist in general
abovee,r andrestabilizefor v, v g aboveeygga,. Note thatthe
standardWNL zig-zag threshold €5, 49 @g5 G,5 0 in Eq.
~47d# which divergesatv. 1.23,is totally misleading.Theresults
of the Galerkincomputationg@5#for thelines e,, ~diamonds and
ExRrstab ~SQuaresareincluded.
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tantat high v whereR getslarge. Thusthe standardzig-zag
thresholde;, divergesat v o5 1.23~Fig. 6! in distinct con-
tradictionto the experimentsaswell asto the Galerkincal-
culationswhich haveshownthe existenceof a zig-zaginsta-
bility upto v ag. 2.5 @5,16¢

C. Stability of normal rolls: Secondaryzig-zag mechanism
By inclusionof the higher-ordertermsG,, and G¢ in Eq.
~47!, the zig-zagthresholde5, 49! is modi®edto

ra ,
e,75 —, with
ds
18 G,
ds5 E 21 LS_-|-Ur2
£ & D
1 22 LS_TUrZ 8 LETUrZ

065 o2 e
Ny 7w

524

52p

If only G, is kept, then oG is negativeand the argumentof
the squareroot is usually negative~exceptin EC for v very
closeto v ), i.e., the divergenceof the zig-zag threshold
persists@ is evenmore dramaticthanwith Eq. 49!, e.g.,it
occursnow at v ¢p5 0.9in EC# Indeed, theterm G, LAfw
in Eq. 470 reduceghe dampingof w: it thus produceghe
normal! abnormalroll instability, but it alsoenhanceshe
stabilizing in uence of the twist dynamicson the zig-zag
instability. On the contrary,keepingonly the contributionof
G¢ in Eqg. 52 yields a positive oG sinceGg turnsoutto be
alwayspositive. Thend; reducego

d 18 1 21 8g80G 53!
3 M2 LsTurz :
which stayspositive ®niteevenwhend,! 2 ", i.e., even

whenthe WNL zig-zagthreshold49! divergestotally. The
exactzig-zagthreshold-524d is shownin Fig. 6 for EC @6#
The ®rstcorrectionto the standardWNL thresholdée;, can
be calculated analytically: for v! v, and r,! 0',&,
I 0, one®nds

298
€75 €5,2 LOG*G'EZ!Z:L O~e§z!3,
s 1,

wherefor EC, the prefactorof (€5,)? is 2 40. Thus,whereas
the slopeof the zig-zagthresholdat the Lifshitz pointis not
changedas comparedwith the standardWNL analysis,the
domainof validity of the standard/VNL analysisappeardo
be very limited. The zig-zagthresholde,; 524 increases
with frequencyessentiallybecausef a strongincreaseof r,
andb, with v. Eventually e,, meetsthe abnormal-rollline
exrd BTUG, at a crossoverfrequency v g wWhere d;
5 ry/exg5 r,G, /sty accordingto Eq. 524, oG vanishes
at the crossoverpoint, aG. 0 for v, var,dG, 0 for v
. Var- The competition between the zig-zag and the
abnormal-rollinstabilitiesappearghereforeto be controlled
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FIG. 7. Sketchof the mechanismslriving the zig-zaginstability
of normalrolls. The thick lines represenslightly undulatedrolls,
i.e., with a modulatedlocal wave vector g @eeEq. 50d# The
ensuingroll curvatureproducesa mean ow v ~dashedarrows
which in turn advectsthe rolls andreinforcesthe undulationsIn a
secondarymechanism,the undulations generatea splay- twist
modulation of the in-plane director ny ~small arrows inside the
rolls!, which in turn stronglyreinforcesyvia a kind of * ow focus-
ing," the mean- ow.

by a balancebetweenthe G effectsmainly responsiblefor
the zig-zaginstability ~t occurs®rstif oG. 0) andthe G,
effectsmainly responsibldor the abnormal-rollinstability ~it
occurs®rstif oG, 0). More quantitatively,for EC, our ex-
tended WNL computationsreproducethe results of the
Galerkin computations-compareFig. 6 to Fig. 3 of @5#!
very well at small e, whereador e 0.07 our valuesof e,
becomeslightly too small; thuswe ®ndthe crossovepoint at
V ar5 2.9 insteadof v pg5 2.4 from the Galerkin computa-
tions. This agreemenis satisfactoryandour analysishasthe
advantageof allowing for analytic modeling. For instance,
by adjustingr, andb,, using otherwisethe coef®cientf
Tablelll, onecan perfectlyreproducethe resultsof the full
numericalcalculation.Suchan adjustmentould possiblybe
usedalso for modeling experimentalresults~seealso Sec.
VvV D!

The new zig-zag mechanismexpressedy the Gg effect
can be understoodby inspectingthe correctionsto the per-
turbation®elds Without G,,, one®ndsthattheroll -50d and
twist perturbations50b are unchangedwhereasthe hori-
zontalvelocity 51! is modi®edaccordingto

v aAis 1 g—SG AZDzsin—pylP ~z!. 54
X nb 4 LSTU G . l . .

Thusthe reinforcementof the zig-zaginstability due to the
Gg term is a three-stepprocedure~Fig. 7!. First, the roll
curvatureinducesthe splay-twistmodulation~50b. Second,
this splay-twistmodulationreinforcesthe mean ow already
inducedby the roll curvaturesterm} g4 in v,). Third, this
mean ow -asknown alreadyfrom the standardnechanisrh
reinforcesthe roll curvature.We ®nd that in EC and in
ATC the dominant nonlinearities in Gg are contribu-
tions from the viscous terms in the v, equation ; @as
2 az) (] ZV;)nZ(] yny)l (6151 aZ) (] sz)nz(] yny)#y which
signi®esa kind of ““velocity focusing" associatedvith the
long-wavelengtrsplayterm  n, ~Fig. 7. It would be inter-
estingto con®rmthis mechanismexperimentallyby optical
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observationsf the in-plane director: this should reveal, at
the onsetof the zig-zaginstability, the splay-twistmodula-
tion shownin Fig. 7.

D. Restabilization of abnormal rolls at higher e

In the parameteregion where the normal rolls are ®rst
destabilizedby the zig-zaginstability ~casev, v g in EC,
usualcasein ATC!, abnormal-rollsolutionsneverthelesgx-
ist for e. eyg- €&s7. For symmetryreasonsit seemsclear
that a suf®cientlylarge rotation of the in-planedirector will
render these abnormalrolls stiff againstlong-wavelength
zig-zagperturbationsvherethe resonantnteractionbetween

the two modulationmodesat 6 pyMis important. A stability
analysisof Eq. 47! doesrevealthe existenceof a third sta-
bility boundaryesgsian €ar- €27 Wherethe zig-zagmodu-
lations of the abnormal-rollsolutionsare dampedout. The
y° 2y symmetryin Eqg. 47! is brokenby the b, and b
termsin the A equation474d, thetermsg,, andG,, in the w
equation47h, andthe term Gg in the mean- ow equation
~47d. The coef®cientd, andg,, seemto play no important
role since their suppressioronly changesslightly by less
than 2%) the value of exrsian. ASsumingthereforeb,5 g,
5 0 in Eq. 47!, oneobtainsthe following approximatefor-
mula:

e 8
MRSy 1 GGoS,  with
€rr d,’
dsGWFGW 2 d,1 2 80—G
4 5 LB_Turz 2l 2g G,y

. L, 4e,060
1 r,2 d,1 29g8—LR 4e;98—\J 55
Tu GW GW

This showsclearly that the lines e,,, éar, and exrstap MUst
meetat the crossoveroint G5 0 in EC. An expansionof
Egs. 52d and 55 in the vicinity of this point (v
! viR in EC) yields a relation betweentheir slopes:

Sﬁm’z 1D228:7—2 1D oG

w"fz/i"’AR2 dy!
56!

This constrainton the slopesof the lines exgqiaf V) and
e,7(v) at the crossoverpoint could be easily testedexperi-
mentally @7# Here we predict esg. 0.076
2 0.03V,engsta/ Ear2 1. 2 0.19%9v  or equivalently
Errsta  0-07& 0.044dv  for av5 v2 v g5 O(1), with
frequenciesn units of t32. Theline exrea V) calculated
without approximationsis shown in Fig. 6 for EC and
matchesoughly the numericalresults@5#for not too small
v. However, exgsiaf V) increasegoo steeplywith decreas-
ing v in contrastwith the full numerical results seethe
squaresn Fig. 6 andFig. 3 of @5#. Indeedat low frequen-
cies, very high amplitudesare attainedfor e* 0.15 ~Sec.
IV B 2! and the WNL perturbationapproachis no longer
justi®ed.

Notethatonly a few parametersieterminethe positionof
the bifurcationlines e,; 52d, exg and éxgiap 55 the lin-
earcoef®cients ,,e;, and st andthe nonlinearcoef®cients
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d,,G,, and aG8& g8aG/G,,. The linear coef®cientshould
be relatively easyto determinein experiments.Measure-
mentsof eyg for v. v g, togetherwith an extrapolationin

the domainv, v g ,0bservethat eg;(v) is very smooth
®@ig. 2-b'#.,.would thenyield the valuesof G,,. Theremain-
ing coef®cientsd, and ¢G8 could then be determinedby

®ttingthe expressionsb2d and-55! of e,; and exreiapto the
measuredvaluesof the zig-zagand abnormal-rollrestabili-
zationthresholds.

VI. NONLINEAR BIMODAL SOLUTIONS

Abnormal or oblique rolls of wave vector q are stable
againstlong-wavelengthperturbationsin an intermediatee
range;e.g.,in EC the abnormalrolls for € eagstan: EXperi-
ments-see,e.g., @0,1%! as well as numericalsimulations
@ #or WNL analysessee,e.g., @6#!, haveshownthatthey
areratherdestabilizedn this regimeby a short-wavelength
modeof wavevectork leadingto a bimodalstructure Am-
plitude equationamodelingsuchinstabilitiescan be derived
with calculationssimilar to thoseof Sec.lV A, wherewe add
a secondaryroll modeto the basicansatzfor the extended
WNL solutions-25!, now

V5Vl V. 5 @V;~q!1 BV,k!1 c.c#l Wyl V. .
57

One shouldrealizethat sincewe leavethe ““very small '
region, no quantitativeresultsareto be expectedn general.
Neverthelessye will obtainin someregimes-EC at high v)
semiquantitativeresults,and, more importantly, qualitative
resultsconcerningthe origin of the bimodal instability and
the further stability of the bimodal solutions themselves
~which had neverbeenstudiedtheoretically.

A. Bimodal-twist amplitude equations

With the schemeof Appendix B and calculationsper-
formedat R5 Ry(q) in orderto avoid R dependenciesf the
nonlinear coef®cientsin the amplitude equations,we get
from Eq. 57!

2 ey~q!
] A5 g%ﬂz gqAGL bl w2 b3~q!W2DA

q
2 gyqBUA,

Jws @12 g, W1 GqllAF1 GK! BE#w
2 g~q'\Af2 g-k!BY,

0
]:B5 SL2 9 BEL byk! w2 b3~k'w2D

2 gAUB. 58!
The coupling coef®cieng is
952 "U;1~k!,Ny,Vi~2 qlw,oq.k! ...
1 N,,Viq!W,2 g,k!.1 N,,V,~q,2 g'w~K!...
1 N3, Vi~q'w/2 i/ k!.& 59
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TABLE V. Coef®cientof the bimodal-twistamplitudeequations58!, in ATC for an experimentakig wave vector g andthe corre-

spondingdual wave vectork ~seetext.

tq €o(a) 9q ba(0) bs(a) Yiq te ek 9k ba(k) b4(k) Yk
267 0.013  0.0054  0.00010 0.0011  0.013 431 016  0.0024 20.0010 0.0017  0.0025
St 9w G(a) G(k) g(a) g(k)
2 0.00081 0.00010  0.0077  0.0034  0.0014 2 0.0048

wherethe secondharmonicsare de®nedasin Eq. 28, e.g.,

V,~q,k!52 L&t

Ro_q!. NZ,,V:L"qI l)/l"‘k' e

~60!

B. Bimodal instability

Considera primary solutionof the zig type characterized

by a wave vector g5 &0 p{ with p> 0, an amplitude A
5 A(q;e), and an in-plane director rotation ws w(q;e), 0
~this can include both abnormal-andoblique-roll solutions,
seethe discussiomat the endof Sec.IV C!. The growthrate
of the short-wavelengttperturbationof wave vector k de-
ducedfrom Eq. 58! is

1B

e2 eyk!
Sgyq;k;el5 FS —_—

;1 bkl w2 by a
k

2 ggAL. 61!
In EC andin ATC, sgy ®rstbecomegositiveat €5 &gy, for
a certainwave vector k the “dual" of q) of the zagtype
(ky, 0). This selectioncan be heuristically understoodoy
noticing that the growth rate sg\(q;k;€) a the dual k is
muchlargerthansgy(q; k8 e) for ak8in thezig region,e.g.,
atk& S(k). Sincethe coef®ciente,y(k),t,, and b;(k) are
unchangedunder the application of S and gq is only
slightly modi®ed @&2% one obtains sgy(Qg;K;e)
. Sevnd;S(k);e.1 2b,(k)w: the fact that b,(k) is large
and negativein the zagregion-and w, 0) explainsthe se-
lection. Typically kb S(q) so the resultingunsymmetricbi-
modalis of the “bimodalvaricose" type @4#

In EC for the abnormalrolls at g5 q., we ®ndvaluesof
egy thataretoo smallatlow v. Thereasonis thatu(q; e)u
getstoo large when comparedwith the Galerkin computa-
tions ~Sec. IV B 2!. However, the position of the dual is
qualitatively correct. For instance,at vp5 1 we ®nd kku
51.18.,ark52 67 @8% to be compared with Kku
51.01g.,argk52 61 from the GalerkincomputationsAt
higherv, sincethe abnormal-rollsolutionsare closerto the
numericalGalerkin solutions~Sec.lV B 2 and Fig. 3!, both
egy and k agreereasonablywell with the onesfrom the
Galerkin computationsFor instance,at v op5 2.4, we ®nd
ezy5 0.1861kib 0.99).,argk52 33 @9 to be compared
with eg,5 0.1831kib 0.95;,arck52 26 from the Galer-
kin computations.We mention that the bifurcation to the
bimodalvaricosehasalsobeenevidencedecentlyin EC of
the nematicl52 at high electric conductivity @04

In ATC, for the primary zig mode g5 1.07qc(>(\cos8

1 fsin8 ), we ®ndeg,5 0.1761kib 0.8quargk52 32 , in
qualitative agreementwith the experimentalobservations

@4# The correspondingoef®cientsTable V! will be used
in Sec.VI C for numericalsimulationsof the system-58!.

For all thesebimodal instabilities, the leading positive
contribution to sgy(q;k;egy) B1 is always b,(k)w,
whereasthe ~typically negative contributionof b5(k)w? is
smallerin magnitude@1# This provesthat the director ro-
tation (w, 0) in the primary rolls is the main causefor the
excitationof a modewith wavevectorin the zagregion.This
holds for primary abnormal(p5 0) or obliquerolls (p. 0)
and generalizeghe mechanismidenti®edin @6# for ATC,
which appeargo be alsovalid for EC. Finally, notethatthis
mechanismcan also be understoodrom the frustrationin-
troducedin Sec. IV D: the director rotation in zigs being
drivenby ~-M2! andthe subsequergxcitationof a zagroll by
~M1!.

C. Bimodal-twist solutionsbHopf bifurcation

The main advantageof the model system-58! is that ap-
proximatebimodalsolutionscanbe calculated andthattheir
stability can now be studied. Let A,Bb 0, then Eq. 58!
yields a cubic equationfor w after the elimination of LA
and BY. For primary abnormalrolls, thereexistsa unique
stablesolutionfor egy, €, &y, ~S€EbElOW fOr 644, and
the bimodalbifurcationis supercritical For primary oblique
rolls, we ®nda stablesolutionin a slightly larger e domain,
€sv2 degy, €, 6Eyopr: the bimodal bifurcation is, in fact,
slightly subcritical. With the parameterof TableV, degy,
50.002 1: the correspondindhysteresisappeardo be im-
possibleto observeexperimentallyHowever,the jumpsin B
andw at 5 ez arenot smalland might be observablesee
theleft sideof Fig. 8!. Notethatafterthe bimodaltransition,
w increasessteeplyowing to the term 2 g(k)WBif in the w
equationwhereg(k), 0 sincek is zag. The stability of the
bimodal branchagainstperturbationsn A,B, and w canbe
studiedby linearizationof Eq.-58!. Onealways®ndsa Hopf
bifurcation at suf®cientlylarge e. &q5. With the coef®-
cientsof TableV, &,px® 0.22,and the developmenbf the
Hopf bifurcationis shown,on the right side of Fig. 8, by a
time-forward simulation of Eq. 58 after a jump from e
5 0.22t0 0.228.The two amplitudesoscillateroughly out of
phaseasobservedxperimentallyin the oscillatingbimodals
~see,e.qg., @%or Fig. 12 of @0#! The calculatedperiod of
thesebimodal-twistoscillationsis T5 48¢,5 44t, which is
not too far from the periods measuredexperimentally, T
. 15t @O0# The existenceof these oscillationsis robust
againstchangesn the parameter®f TableV, providedthat
their signis left unchanged.

In orderto analyzethe origin of theseoscillations,we
now focus on the simpler caseof a symmetric bimodal k
5 S(q). Such symmetric bimodals are often observedat
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FIG. 8. Solutionsof the coupledamplitudeequations58' modelingthe interactionsbetweentwo roll modesof wavevectorq ~zig! and
k zad andthe homogeneouswist mode.The coef®cient®f TableV havebeenused,andtheroll amplitudesA ~thin line!, B ~dottedline!
have beenmultiplied by 2 in orderto display the leading amplitudesof the n, ®eldin Eq. 57!, n,52 @A singerl 2B sinker#S,(2)
1 h.o.t. Theamplitudew ~thick line! determinego lowestorderthe anglebetweerthe averagean-planedirectorand® Left panel:stationary
solutionsobtainedin the “low €' regime.For e(q), € egy, one has monomodesolutions (AP 0,B5 0). At €5 ey, a subcritical
bifurcation towardsa bimodal (A,BP 0) occurs;only the stablebimodal solutionsare then shown. Right panel: behaviorjust abovethe
thresholdof the Hopf bifurcation ;. After ajump from €5 0.22 g4, t0 €5 0.228 &4y, regularout of phaseoscillationsof A andB

develop,which are mediatedby an oscillation of the in-planedirector.

ratherhigh valuesof the controlparameteim EC andin ATC
afteran evolutionwith R of the wavevectorsof the bimodal
varicose@3# In this symmetriccase assuminghat Eq. 58!
is still valid to describethe dynamicsof the system,an ana-
lytic calculation of the Hopf thresholdbecomestractable.
Sincethe phasesof A and B are not coupledby the system
58, we can considertheseamplitudesto be real without
loss of generality. After some simple rescalings,Eq. 58!
takesthe simplerform

JtA5 ~e2 A%1 b,w2 bW’ A2 gB2?A,
Jiwh @12 g, W1 G-A21 B2i#d g~B22 A?l,
]{B5 ~e2 B22 b,w2 byw?!B2 gA?B, 62!

where 95 Jgs()5 Is(g)q- 025 b2(A)52 b,,5(0)... 0.9
59(9)52 9,5(q)... 0. Forg.2 1, this systemadmitssta-

tionary bimodal solutions given by A5 B5 Ael(11 g)
5 AeB w5 0. If we perturbthesesolutionsaccordingto

A5 Ae8l a, B5 Ael b,

it turnsoutthatthemodesal b andb2 a aredecoupledand
that the former is alwaysdamped.The perturbationsystem
thenreduceso

ws 01 w,

] b2 al52 26812 g!-b2 al2 2b, 8w,

J w5 29AeBH2 all ~s11 2Gel w. 63!

If we supposéhata uctuation in theroll amplitudesfavors
the zag mode B, then the director will avoid the stronger
gradientsalongthe zagwave vector by rotatingtowardsthe
zig: wthenbecomegositivedueto the g termin the second
equation.But this rotationwill thenfavor A, at the expense
of B, dueto the b, termin the ®rstequation:b2 a will now
decreaself the Ge8termin Eq. 63! is suf®cientlylargeto

overcompensatthe dampingof the modesb2 a andw, i.e.,
if the traceof the matrix 63! is positive:

268Gl g2 1!1 s1. 0, G. 12 g,

B ef 55& 64
o> 2 Gl g2 1° '

b2 a will evenchangesignandthusmakethedirectorrotate
in the oppositedirection~now towardsthe zad. Thusa Hopf
bifurcation will occur, under the additional conditionsthat
the discriminant of the system 63! is negative at €8

S) eaopf:

451U

W@Tu—gZ 1122 2b2g~Gl g2 1'# O,
g !

~65!
andthat a stationaryinstability doesnot occur before:
WBrug2 112 2b,g, 0. ~66!

Theseconditionsare typically ful®lled since s tuis small

whereasthe product b, g is largein obliquerolls. This, to-

getherwith the fact thatthe instability condition-64! is easy
to realizewith the large G expectedor nematicconvection,
provesthat the bimodal-twistoscillationsare generic,as ex-

pected from the experiments. The leading mechanism,
clearly linked to the fact that b,(q) and g(q) changesign

whenpassingrom the zig to the zag,is sketchedn Fig. 9. It

canbeinterpretedn termsof the directorrwave-vectoifrus-

tration introducedin Sec.IV D. Indeed,if a uctuation fa-

vorsoneroll amplitudein thebimodal,accordingio -M2! the

director will be pushedaway from the wave vector of this

roll mode.Thusthedirectorwill approacthewavevectorof

the other roll mode, which will be reinforcedaccordingto

~M1!, andsoon Fig. 9!.
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FIG. 9. Sketchof the mechanismdriving the bimodal-twistos-
cillations. The thin arrowsshowthe zig ~continuousline! and the
zag~dashedine! wave vectorsof the two roll modesin the bimo-
dal. The magnitudeof the correspondingamplitudesA and B is
symbolizedby the size of the Fourierspotsattachedo thesewave
vectors.Thein-planedirectorn,, suchthatng,s¥s w, isdrawnwith
the thick arrow. The four elementarystepsduring one oscillation
areshownsideby side.Thetorque} a, exertedby therolls on the
directoris sketchedwith the vertical arrows,andthe positive-nega-
tive! feedbackfrom the directorto the roll amplitudesis indicated
with the1 (2).

In fact, secondanyjindirect mechanismdor the feedbacks
w$ A implied in this instability loop are provided by the
interactionsw$ B andB$ A. Forinstanceanincreaseof w
leadsto anincreaseof A ~secondstepof Fig. 9! dueto the
termin b,(q). 0 in Eq. 58, but also becausét ®rstpro-
ducesa decreasef B @ueto thetermsin b,(k), 0,b63(k)

. 0] which thendrivesan increaseof A ~dueto thetermin
Jkg- 0). In asimilarway, anincreaseof A drivesadecrease
of w ~third stepof Fig. 9! directly due to the g(q) term
@(q). 0# or indirectly, via a decreasef B, dueto the gq
and g(k) terms @y 0 andg(k), 0]. An importantcon-
sequencef theseindirectmechanismss thatthe oscillations
alsodevelopin a bimodal constructecon primary abnormal
rolls for which b,(q)5 g(q)5 0. Indeed,simulationsof Eq.
58! with a set of coef®cientscalculatedin EC of N5 at
v cpd 2.4 for the bimodal constructedn the abnormalrolls
at q5 g, show the samesequenceas in Fig. 8, now with
egy5 0.186 and ;.5 0.24. Of course,these oscillations
disappeaif gy Or g aresetnegative.

VII. CONCLUSION

A minimal descriptionof planarnematicconvectionhas
been obtained which capturesthe generic bifurcation se-
guencesknown experimentally.lt is basedon a systematic
WNL analysiswhere the active mode basis has been ex-
tended:besideghe standardoll modes, "slow modes" con-
sisting of homogeneou®r quasihomogeneousvist modes
of the directorhavealsobeenincluded.The evolutionequa-
tions couplingthe correspondingrderparametemw with the
roll amplitudesA ~or B) andwith themean- owamplitudeG
@qgs. 29, 47, and -58# have allowed a quantitativede-
scriptionof the ®rstbifurcationsat small e seee.g.,Fig. 11!
anda qualitativedescriptionof the subsequertifurcationsat
higher e see,e.g.,Fig. 8!. Dueto the semianalyticnatureof
the calculationsthe dominantnonlinearmicroscopicmecha-
nismscould be singledout. This givesindicationsconcern-
ing the behaviorof nematicswith othermaterialparameters.
In general,the interactionsbetweenthe twist and the roll
amplitudesappearto be ruled by a principle that we have
termed " directorrwave-vectorfrustration": the charge-and
heat-focusingmechanismaoth favor the in-plane director

EMMANUEL PLAUT AND WERNERPESCH

PRE 59

almostparallelto the roll wavevectors,whereaghe viscous
torquesalways pushit away ~Sec.IV D!. This explainsthe

closeanalogybetweerelectroconvectiomndthermoconvec-
tion.

A systematiccalculationof the order-parametegquations
as presentechere might also provide a betterunderstanding
of the microscopic mechanismsfor other systemswhere
slow modesplay an important role. Examplesare binary
“uid convectionwith slow concentratiormodes@4#or nem-
atic electroconvectioiin the presencef weak-electrolytef-
fects,in which slow chargemodesallegedlydrive the forma-
tion of the surprising™ worms" @5#

We hopethatour resultswill stimulatenew experimental
studiesof electroconvectiorand thermoconvectionwhere
somefeaturescharacteristiof theroll-twist-mean- owinter-
actionscould be evidencede.g.,the dynamicsat the zig-zag
instability +ig. 7!, the in-planedirectoroscillationsunderly-
ing the bimodal oscillationsFig. 9!, or the changein the
trajectory trace quotedin Appendix C. Sinceall the basic
structuresandinstability lines are now well understoodthis
work also establishes startingpoint for a systematicheo-
retical study of more complicatednonperiodicpatterns.For
instance the rich dynamicsof structureswith point defects
or walls @6# needsfurther investigation.In particular,the
spatiotemporalchaos observedunder certain experimental
conditions might be better describedand understoodfrom
envelopeequationsof a type similar to Egs. 47!. For that
purpose,an extensionof theseequationsto the caseof a
general spatial dependenceboth |, and ],p 0) is under
way. It would alsobe interestingto reanalyzethe phasedy-
namicsin the oscillating bimodals,which had beenprevi-
ously describedon the basis of phenomenologicamodels

@
We note®nallythe similaritieswith homeotropicnematic

electroconvectionwhere one setsn5 2 at the plates and
thereforethe rotational symmetry aroundz is initially not
broken. Convectionsets in after an electric Fréedericksz
transitionwherethe in-planedirector orientationis selected,
andthe associatedoldstonemodeplaysarole analogougo
our twist modein planarconvection.In fact, the ®rstexperi-
mentspointing to the existenceof abnormalrolls were per-
formedin homeotropicelectroconvectior@8# andthe am-
plitude equationsderivedfor this systemin @0#are similar
to our amplitudeequationsgn their simplestform @9 In the
presenceof a planarmagnetic®eld,the homeotropicsystem
becomesnisotropic.Galerkincomputations®0#andexperi-
ments@1# havethen shownsequencesf bifurcationsiden-
tical to the onesobservedin the planar case.lt would be
interesting to systematically calculate the corresponding
order-parameteequations particularly to elucidatethe role
of the mean ow in this homeotropiccase.
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APPENDIX A: LINEAR EQUATIONS
FOR THE FOCUSING MECHANISMS

The focusing mechanismsand the analogybetweenEC
andATC becomeclearerby inspectionof the corresponding
dimensionlesdinear equations.In EC, the evolution of the
scalar®eld,the electricpotential  , is governedby Eq. -5!,

2~6121 e]21],f1 &] ~Eac] ;!

5Q-~s 121 5,]21f2 QS,Eac]yn,, Al

with E, .5 cosvt. This equationpresentsthe samekind of
focusing terms (} J«n,) as the evolution equationfor the
temperaturenodulationu in ATC which follows from Eq.
~71,

Jiub ~k 1 21 k,]21ul Rv,2 Rk,],n,. A2!

The evolution equationfor n,, deducedfrom Eg. 1!, con-
tainsin both caseshe sameelasticandviscousterms,

91] N5 ~*sal {1 Kool §1 ki 710,
1 ~~k112 k22!]y]zny2 az]szZ aS]szl h§1
~A3!
with the dimensionlessinits for EC; theimportantterm here

is the viscoustorque} J,v,. In EC additionalelectricterms
comein,

h% e,Rn,2 2e,RE, ] ,f, ~A4!

which are only importantat high frequenciesFinally, the
evolution equationfor v,, deducedfrom Eqg. 3!, is also
rathersimilar for both systems,

rm]tvzz aZ]t]anS "'nc]il na]§1 na]g!vz

1
1 5251 as!]J Vsl frai, AS!

with the dimensionlesainits for EC for ATC one hasonly
to changer ,, into 1/Pr), with the bulk force beinggiven by
the Coulombforce 6! in EC,

fuo5 &R]N2 2RE,~6 * %1 g]2If, -A6!
and by the buoyancyforce 8! in ATC,
fuoS U. AT

APPENDIX B: EXTENDED WEAKLY NONLINEAR
SCHEME

In this appendixwe show how to calculateapproximate
WNL solutionsof a problemof the form
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D] V5 LVL N,-V,VI1 Ng-V,V, V!, B1!

with the order-parameteapproachThe main control param-
eter R not recalledin order to simplify the notations$ is
®xed.The linear modes the solutionsof

s~-m!DV;~m!5 LV;~ml!, B2

are indexedby a collection of humbersm; for instance,in

the “extendedlayer" geometry,m5 (q,n) whereq is the

horizontal wave vector and n indexesthe vertical depen-
dence+n z). Thesdinearmodesareassumedo form a basis
in V space With the help of a Hermitianscalarproductin V

space(U,V)° "J,V& we de®neheadjointlinearoperators
D* andL® by AU,D*V& "D°+U,V& andthe adjointlinear
modesasthe solutionsof

s~miD’eU;~-m!5 L*«U;~m!. B3
They canbe normalizedsuchthat
AJ,~m!,DV,~-m8& a~m2 m8. B4!

The growth rates s(m) are assumedreal. We distinguish
betweerthe active modesof growthrates(m).2 ¢ ~which
de®nesa domainA in m spacé and the passivemodesof
growth rate s(m),2 c¢ ~which de®nesa domainP in m
spacé. Usually in the solutionsof Eqg. -B1! thereis a clear
separationbetweenthe growth rates of the excited active
modesandthe growthratesof the excitedpassivemodessee
below, andthereforethe exactvalueof c is not very impor-
tant. We assumethe existenceof a primary instability:

maxs~-m!5 e. 0, ~B5!

mP A

with el c. The orthogonalityrule -B4! allows the de®nition
of a projectoronto the active modespaceby

PAV5 (D AJ,~m!, DV&Y/,;-m!, B6!
mP A

and onto the passivemodespaceby

~12 PA1V5 g NJ,~m8,DV&/;-m8.  B7!
m& P

Thus a naturaldecompositiorof possibleapproximatesolu-
tions of the evolutionequation-B1! is

V5 V1 V.
5 PAV1 ~12 P,V

5(D A-m!V;-m!1 g B-m8V;-m8. -B8
mP A m& P
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wherewe haveintroducedthe notations-usedin the rest of

A modeV,(m) or V,(m8) is “excited" if thecorresponding the paperfor the cubic ordet

amplitudeA(m) or B(m8 is nonzero;the A(m) constitute,
in fact, the “active amplitudes" or “order parameters"

which will de®nethe solution. In order to show this, we
introducethe coprojectorP8 de®neddy

PRV5 (j NJ,~m!,VEDVy-m!, B!
mP A

suchthat P§D5 DP, and P8L5 LP, . The applicationof

(12 P§) on Eq. B1! thengivesto lowestorder

DJ{V. 5 LV. 1 ~12 P8IN,~V,,Va!, B10!
which showsthatif V, is assumedo be of orderA, V. is of
order A2. Moreover, the projection of Eq. -B10 onto
U,;(m8 gives

]:B-m85 s~-m8B-m81 "J;~m8,N,~V, , V! &

Assumingthat], is of the orderof the maximumgrowthrate
of theactivemodesB5!, we et ]! s(m8uandcanthere-
fore performan adiabatic elimination of B(m8),

B-m852 N ,-m8, N,V Val&  -BLL

s~-m8
or equivalentlysolve Eq. B10! by
Vi 52 L2112 PBIN,~V, ,Val. B12

The projectionof Eq. -B1! onto the U;(m) givesthe ®nal
active amplitudeequations

]tA"m|5 S’*f’ﬂ'A“m'l /\U1~m!,N2~VA ,VA!l N2~VALV- I

1 N3~VA ,VA ,VA!& "Bl3'

21a,0 81 1,562,031

N,~ab!5 N,~a,b!1 N,~b,a!,
Ns~awab!5 N;-a,a,b!1 N3-a,b,a!'l N3~b,a,a!,

Ns~albie!5 N3~a,b,c!1 Njy-a,c,b!1 Ns~b,a,c!
1 N;3~,a,b!1 N3-b,c,a!'l Ns~,b,a!.
B14

In practice oftenthe eigenmodesor the operatord. andN,)
at the control parameteRR are not usedto calculatethe non-
linear coef®cientsof the amplitude equationssince this
would introducean R dependencef thesecoef®cientsin-
stead,one uses,for instance,in convectionthe neutralroll
modesV4(q)? V1,09;Rq(0)..insteadof V,(q;R) or evaluates
L215 L2Yin Eq.~B12 atR5 Ry(q); clearlythis introduces
only small numericalcorrectionsto the schemeNote ®nally
thatthe scalarproductin our layer geometryis de®nedy

N~z \/~zlel98Tg

2 Ep/2
5 d~q2 an U*-z!' v-zidz B15!

752 pl2

APPENDIX C: ANALYTIC APPROXIMATION
OF THE NONLINEAR ROLL-TWIST COEFFICIENT G

In this appendixwe usethe lowest-orderGalerkinexpan-
sionto give analyticapproximationsof the coef®cieniG(q)
33 and to elucidatethe correspondingnechanismsat q
5 q.X). The contribution G(q) of the cubic nonlinearities
thenreads

6~K332 Kool 022 2Kgal Koo 3

91Gs~q!5

kK332 Kz2! 052 2Ka3l Kooy

£351 ZqCRea@ZS;A 12 498 in EC

1

21a g A1 1.562,0381

where the numerical constantsarise from Galerkin overlap
integrals.Sincefor EC the electric contribution(} &) is al-
ways negligible, the sameeffectscontrol the value of Gz(q)
in EC andin ATC. Typically, the ®rstterm proportionalto
a, notedhereafterG,,;s) is by far the largest,followed by
the elasticcontribution(Gzg)a) . FOr instancejn EC at v ¢p
5 0.5, one has $G;yisc, Gaelas?® $0.84,0.1865(q), while at
Vcpd 4aﬂ{;3visch3eIas% $)-66:0-3%3(q); in ATC,
%SvismGSelas% 3).91,0.0'?/@3((]).

Thereare also contributionsof the quadraticnonlineari-
tiesto G(q) ~33!, which are only importantin EC on which

4-F/g,! z

in ATC,

we will now focus. With the use of the quadratic mode
V5(q,T) 28, which reads

V,~q,T!5 ,0/3S,~2!,0,04%S,~2! g%,  ~C2

one®nds

01G,~0!5 2.30m,W AR 1 2wa,u MEN2 0.6462,9206)

1 k12 kgl 4, 3
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wherethe ®rsttwo termsdominate.They originatefrom a,
terms in N2ny,,V1(2 qQ)w/5(q,T).,. namely apve ny
2 ay(Jxyvy)ny for the term } ﬁ)T, and2 a;n,(],vy) for the
term} 4\. The ®rsttermin Eq.~C3!, } A\, is alwaysposi-

tive. This is dueto the fact thatﬁg. 0, ascanbe seenfrom
the resultof the adiabaticelimination Eq. 28!,

A5 @kl k022 8L wu2f,  Cadl
&5 @2-4n,1 n.gl# 148 ~C4h

where
A% ~0.323m,2 1.153,! gL ka2 k33qcﬁ§, 54

&% ~0.735,1 0.6188,U 0.367252 0.2065

1 0.367a5! gAY 1.22-a,1 ag! g2 -C5h
In Eq. ~C54d, ﬁ-@is dominatedby the a, contributionorigi-
natingfrom the term a,(J wvy)ny in Ny, ,,Vl(q)u/T ;.n Eq

~C44d, ﬁT is also dominatedby this contrlbutlonfrom
Thus a2 mechanismdmpose the positive value of Gz(q)
~C3.
Theincreaseof G,(q) with thefrequencyv @ig. 2-al#is
in factdueto a changeof signof theseconderm} @T in Eq.
. Equation-C5bl gives 485 (13.2922 28.5)52 A\ which

showsthaté‘T and 48 are negativeat low v whereq. is
small, and positive at high v whereq, becomedarge. This
changeof sign is mainly dueto the a, contributionin Eq.
~C5b  originating from the term aj/,(v,/,ny) in
N2Vy,,V1(q) Wt..@2# It hassomeconsequencesn the angle
betweenthe projection of the trajectoriesin the horizontal
plane and the axis of the rolls, which could be observed
experimentally. In “"zig" abnormal or oblique rolls (q
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FIG. 10. In EC for MBBA ke Fig. 1!: ~a
growth rate s of the homogeneous$wist mode
in units of the characteristitcime ¢; -b! saturation
coef®cien'gqc of the critical normalrolls.

5 qc)éi p)z\with p> 0; w, 0) oneexpectsaccordingto Egs.
25!, 27" for the componentof the velocity parallelto the
axis of therolls 1Eq. B.4! of @9

vi5 2Auudiq! 1 wd-q!#S,~z!sin~ger! 1 h.o.t.
Forsmallp,&(q). ﬁp andtherefore

vi. 2A0.@pl Wi~q A #S,zZIsinger!.  ~CH

Smce& 0, onehas@p. 0 in zig oblique rolls, whereas

wé‘[(qc)?) 0. Thus,whenp decreasesthis happenssponta-
neouslyundercertainconditionsin EC, see,e.g., @5#. one
expectsa changeof sign of arctang; /v ), the anglebetween
thetrajectoriesandthewavevectorof therolls fv. beingthe
velocity perpendicularto the axis of the rolls, v. .

2 2Aq 9P C2)sin@er) accordingto Eq. -B.3! of @9k

APPENDIX D: RESULTS FOR THE
ELECTROCONVECTION OF THE NEMATIC MBBA

The ~commonly used nematic MBBA is an interesting
exampleof materialwithout a Lifshitz point. Moreover,in
recentexperimentghe excitationof the twist modehasjust
beenevidenceddirectly with somespecialoptical methods
@7# For MBBA, the crossoverfrequencyto the dielectric
regimeis vp5 2.3t23. We showin Fig. 10 the standard
WNL coef®cientaand in Fig. 11 the predictionsof the ex-
tendedWNL theoryconcerninghe bifurcationsof rolls with
a normal wave vector. Note that the quadraticeffects (G,)
determiningthe value of G 33/ becomedominantat high
frequency.Concerninghe long-wavelengthinstabilities,one
seesthat the standardWNL zig-zagline &, is always lo-
catedabovethe abnormal-rollline e,g: thusno zig-zagin-
stability would be predictedto occur below the abnormal-
roll thresholdif the new term Gg were not includedin Eq.
~47d. Within the extendedWNL theory, the crossoverbe-
tweenthe zig-zagandthe abnormal-rollinstability occursat

FIG. 11. In EC for MBBA: ~a! coupling co-
ef®cientG(q.) 33 betweerthe critical rolls and
thetwist mode,asin Fig. 2-al for N5; ! stability
diagram,asin Fig. 6 for N5. The closedsquares
and diamondsdisplay the resultsof the full non-
linear Galerkin computations®,28#
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VarD 1.3, with eyg. 0.093 0.0587v, egstan/ €ar2 1
. 20.41av or equivalently esgstapy 0.093 0.0974v for
av5 v2 v g5 O(1), with frequenciesin units of r23.
Note the good agreementf eygqiap With the numericalcal-
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culations; this is due to the fact that the amplitudesare
smallerin MBBA thanin N5. Note alsothatthe bifurcations
atzerofrequencyaresimilar to thosefor ATC of 5CB atzero
magnetic®eld.
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